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Some Experiments on the D is tribution  of Deflection and
S t re s s  in  Thin F la t  P la t e s  su b je c te d  to P r a c t ic a l
Systems o f  Load ing
I  H i s t o r i c a l
The m athem atical treatm ent o f  e l a s t i c  p la t e  problem s  
seems f i r s t  to  have been b rou gh t about by  the d is c o v e ry  o f  
the p h y s ic is t  C h la d n i '^ ' in  1787 o f  the s o -c a l le d  HsounCt~ 
p ic t u r e s f<* These he observed  by s p r in k l in g  a f in e  powder 
on the s u r fa c e  o f  a p la t e  which was caused to  v ib r a t e  by  
runn ing  a v io l in  bow a lo n g  i t s  edge . The pow der, he 
o bse rved , gath ered  a t  the p o in ts  on the p la t e  which  
rem ained a t  r e s t *  Jacob B e r n o u l l i ,  In t e r e s t e d  by  these  
experim en ts, attem pted a m athem atical in v e s t ig a t io n  o f  
the p rob lem , making use o f  a method which E u le r  had used  
in  h is  a n a ly s is  o f  the v ib r a t io n s  o f  b e l l s *  The r e s u l t s  
obta in ed  by th is  in v e s t ig a t io n ,  how ever, d id  not a g ree  
w ith  C h la d n if s experim en ts, and i t  has s in ce  been shown 
th a t B e r n o u l l i 's  assum ptions were e rro n e o u s .
In  1811, the P a r is  Academy o f fe r e d  a p r iz e  f o r  a 
th eory  o f  the v ib r a t io n s  o f  e l a s t i c  p l a t e s .  One o f  the  
e n tran ts  was the woman m athem atician  Sophie Germain*
In  d e v e lo p in g  h er th e o ry , she made the assum ption th a t ,  
in  the elem ent o f  a ben t p l a t e ,  the s t r a in  energy i s  
p ro p o r t io n a l to the sum o f  the squares o f  the d e f le c t io n s  
o f  the m idd le  s u r fa c e .  L ag ran ge , who had been appo in ted  
as one o f  the exam iners f o r  the p r i z e ,  c o rre c te d  th is  
erroneous assum ption and a r r iv e d  a t  the c o r re c t  d i f f e r e n t i a l  
equation  f o r  the d e f le c t io n s  o f  a p l a t e .  U s in g  th is  
d i f f e r e n t i a l  equ ation  o f  L ag ran ge , N a v ie r  attem pted a 
com plete th eo ry , and by  1821, had s o lu t io n s  u s in g  F o u r ie r  
s e r i e s .  These s o lu t io n s  were l a t e r  shown to  be in  e r r o r .
U s in g  the fundam ental eq u a tio n s  g iven  by N a v ie r ,  
Io is s o n (^ T  gave the com plete th eory  f o r  the v ib r a t io n  o f  a 
c i r c u la r  p la t e  when su b je c te d  to  sym m etrical lo a d in g .
An account o f  t h is  th eo ry  appears  in  a se c t io n  o f h is  
famous work "Memoirs su r  l 'e q u l l i b r e  e t  l e  mouvement des  
corps e la s t iq u e s "  p u b lish e d  in  1829 in  the memoirs o f  the  
P a r is  academy* The s o lu t io n  i s  based  on th e  assum ption th a t  
the th ick n ess  o f  the p la t e  I s  very  sm a ll in  com parison w ith  
the o th e r d im ensions bu t th a t  i t  i s  s u f f i c i e n t l y  g r e a t  f o r
(1)
the  lam ina to  re c o v e r  i t s  p lan e  f ig u r e  when I t  has been  
d is tu rb e d  from  t h a t  by g iven  fo r c e s *
In  h is  c e le b ra te d  d is s e r t a t io n  51 On the S ta b le  
E q u ilib r iu m  and M otion o f  an E la s t i c  ~&sc %  K ir c h h o f f (3 )  
con tested  the th ree  boundary  c o n d it io n s  o f  P o ls so n § ( ‘ f o r  
th e  f r e e  edge bend in g  and t w is t in g  moments and v e r t i c a l  
sh ea r a re  a l l  z e r o " ) *  He showed th a t  the  two requ irem ents  
o f  io ls s o n  d e a l in g  w ith  t w is t in g  moment and sh e a r in g  fo r c e *  
may be re p la c e d  by  one boundary c o n d it io n *  and making use  
o f  the p r in c ip le  o f  v i r t u a l  d isp la cem en ts *  a r r iv e d  a t  the  
same d i f f e r e n t i a l  equ a tio n  as P o lsson  and Lagran ge*
L a te r *  M elv in  and Tait , (  >) p roved th a t  the  th re e  boundary  
c o n d it io n s  o f  1o ls so n  a re  f u l f i l l e d  on ly  by a  th lo k  p la t e *  
and th a t  when the th ick n e ss  i s  sm a ll the two boun&ory  
c o n d it io n s  o f  E i r c h h o f f  a re  a p p ro p r ia te *  T h is  was a ls o  
proved  in d ep en d en t ly  by L o u ls s in e s ^ * (  §# In  the  th e s is  
a lre a d y  m entioned* T lirc h h o ff  gave a th eo ry  f o r  th© d e f l e c t *  
ion  o f  r e c t a n g u la r  p la t e s *
•The fu r t h e r  developm ent o f  the problem  o f  bend in g  o f  
f l a t  p la t e s  ta k in g  in to  account the s t r e s s e s  in  the m idd le  
su r fa c e  was l a r g e ly  due to  A*1£*K* L o v e * (6 ) By him* and 
by * . i o h e l l  * th e  fou n d ation  o f  the p re se n t  know ledge  
o f  the bend in g  o f  th ic k  p la t e s  was l a i d *
Of g re a t  in t e r e s t  to  the p r a c t i c a l  e n g in ee r  i s  
method o f  d e a l in g  w ith  f l a t  p la t e  problem s due to  P* Gr sho f.w  ) 
Th© o'cth od assumes (a s  d id  F o lsson  and E d re h h o ff ) th a t  the  
fo r a  o f  the s u r fa c e  in to  which the p la t e  i s  ben t i s  a 
d e v e lo p a b le  one and , a s  ouch* can o n ly  be r e l i e d  upon when 
the maximum d e f le c t io n  does n o t exceed a sm a ll f r a c t io n  
o f  th© p la t e  th ic k n e ss *  'r id s  assum ption* which seemed to  
have been n e g le c te d  f o r  many y e a rs *  was p o in ted  out by  
P re s c o t t  (®# who gave an approxim ate method o f  d e a l in g  w ith  
la r g e  d e f le c t io n s  in  p la t e s *
I I  In t ro d u c t io n
The amount o f  p u b lish e d  e xp e rim en ta l d a ta  on the  
s u b ;s e t  o f  the f le x u r e  o f  f l a t  p la t e s  la  q u it e  sm a ll when 
the im portance o f  the  s u b je c t  i s  c o n s id e red *  and the r e s u l t s  
o b ta in ed  by v a r io u s  experim en ters  do not a lt o g e th e r  a g re e *
T h is  d a ta  c o n s is t s  l a r g e ly  o f  experim ents on re c t a n g u la r  and 
c i r c u la r  p la t e s  su b je c te d  to  u n ifo rm ly  d is t r ib u t e d  lo a d s *  
and supported  in  a one manner a t  the  edges* in  n e a r ly  e ve ry  
case  the  su ppo rts  Impose come c o n s t ra in t  ( in t e n t io n a l  o r  
o th e rw is e ) so th a t  th e  edges a re  e i t h e r  f u l l y  o r  p a r t ly  
en eu a tre *  In  many c a s e s *  th© experim ents a re  con fin ed  to  the
measure ant o f  d e f le e t io n s  and t h e i r  com parison w ith  th e o ry # 
the com parison o f the a c tu a l  s t r e s s e s  se t  up in  the p la t e s  
w ith  the t h e o r e t ic a l  v a lu e  n ot b e in g  a ttem pted# Exception®  
to  t h is  r u le  a re  fou n d , how ever, in  the  o x ten s iv e  work o f  
J #&• lo n tgo m erie  and b *C . Law s, re fe re n o e s  to  whom a re  g iven  
in  the b ib l io g r a p h y .
I I I  O b jec t o f  the Experim ents
The o b je c t  o f  t h is  re se a rc h  was tG c a r r y  out e xp e rim en ta l j 
work on a number o f  f l a t  p la t e  problem s fr e q u e n t ly  met w ith  
in  s t r u c t u r a l  d e s ig n ,  in  which the edges a re  su b je c ted  t o  a  
n e g l i g i b ly  sm a ll f i x i n g  moment# The p a r t i c u la r  problem s to  
be  in v e s t ig a t e d  w ere th ose  o f  c i r c u l a r  and square  p la te ®  loaded  
w ith  a un iform  p re s su re  and supported  a t  fo u r  p o in ts  e q u id is t a n t  
from the c e n t re , the p o s it io n  o f  the su p p o rts  b e in g  v a r ie d  
in  o rd e r  to  f in d  the o f f o o t s  o f  th is #  A® the problem  o f  a 
u n ifo rm ly  loaded  p la t e  w ith  a s in g le  c e n t r a l  support 1® the  
s p e c ia l  case  met w ith  when the fo u r  support®  become c o in c id e n t  
a t  the o e n tre , i t  was a ls o  dec ided  to  in v e s t ig a t e  t h is  case#
In  the d e s ig n  o f  s t ru c tu re s  In  T*fhich the problem  o f  the  
u n ifo rm ly  loaded  p la t e  on fo u r  su pp o rts  i s  met w ith  (e # g#  the  
w ater to w e r ),  i t  was a p p re c ia te d  th a t  a know ledge o f  the  
fo r c e s  o ccu rln g  in  the p la t e  would be o f  g re a t  im portance#
I t  was th e r e fo r e  d ec ided  to  g iv e  a s t r e s s  a n a ly s is #  An 
a n a ly s is  o f  the d e f le c t io n s  wa3 a ls o  in c lu d ed #
H aving found the d e f le c t io n s  and s t r e s s e s  In  c i r c u la r  
and square  p la t e s  on fo u r  su p p o rts , they were examined w ith  
a view  to  f in d in g  the b e s t  p o s it io n ®  o f  the su ppo rts  f o r  
minimum d e f le c t io n  and s t r e s s #  In  t h is  w ay, i t  was hoped to  
g iv o  ru le s  f o r  use in  d e s ig n *
IV  e te rm in ation  o f  the E la s t ic  Constant®
F or an a n a ly s is  o f  the s t r e s s e s  in  the p la t e ,  i t  was
f i r s t  re q u ire d  to  find, the v a lu es  o f  Yeung1® Modulus K and
Poissott*® R atio  -b f o r  the  m a te r ia l#t n
( a )  Young1® Modulus E #
To determ ine Young1a modulus I *  a t e a t  p ie c e  was
out from the rom ainder o f  the sh eet o f  m ild  s t e e l  from which
the c i r c u la r  p la t e  on which th e  experim ents were to  be  
c a r r ie d  out had p r e v io u s ly  been cut# A d raw in g  o f  the test**  
p ie c e  1® g iven  i r  • 1#
A t e n s i le  t e s t  was c a r r ie d  out on t h is  t e s t »p ie c e  in  a
le v e r  t e s t in g  machine o f  5 tons c a p a c it y ,  the ends o f  the
(3 )
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specimen b e in g  h e ld  in  w edge-shaped  g r ip e *  To m easure the  
d e f le c t io n s *  a G erard  S t r i p  Hxfcen some t e r  h av in g  a 2U gauge len g th  
was u sed * t h is  e x ten so n o te r  b e in g  one In  which the d e f le c t io n s  
a re  m easured by  means o f  an o rd in a ry  d i a l  gauge c a l ib r a t e d  in  
. & . i n s * *  the gauge b e in g  ac tu ated  by  a l e v e r  system *
1 0 * 0 0 0
A photograph  o f  the exten som eter I s  In c lu d ed  * The specimen  
was n o t te s te d  to  f a i l u r e *  b u t  th ree  In d iv id u a l  t e s t s  w ere  
c a r r ie d  out to  a s t r e s s  which was known to  be low er than the  
l im i t  o f  p r o p o r t io n a l i t y  f o r  m ild  s t e e l *  The th re e  t e s t s  gave  
v a lu e s  o f  Young*0 Modulus K which agreed  very c lo s e l y .  The 
f i g u r e s  ob ta in ed  f o r  one o f  the t e s t s  o re  g iv e n  b e lo w . I t  
shou ld  be noted  th a t  the  d i a l  gauge was a d ju s te d  to  read  ze ro  
w ith  a lo ad  o f  0*25 tons in  o rd e r  to  e lim in a te  the p o s s i b i l i t y  
o f  any ben d in g  a cc u s in g  in- the t e a t -p le c o  due to  the l a t t e r  
b e in g  I n i t i a l l y  cu rved *
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0*25 ©
0*50 1*05
0*35 2*30
0*40 5*60
0*45 4 -90
0*50 6*10
0*55 7*30
0*60 8*35
0*65 9*60
0*70 10*65
A p lo t  o f  lo a d  a g a in s t  d e f le c t io n  i s  g iv en  in  F l g * 2 *
From t h is  curve  the d e f le c t io n  f o r  0*05 tons increm ent o f  
lo a d in g  was found to  be  1 .205 d e f le c t io n  u n it s  •  1*205 in a * *
10*000
s in ce  10*000 u n it s  o f  d e f le c t io n  were e q u iv a le n t  to  1 in ch *
The c ro s s  se c t io n  o f  th e  t e s t  p ie c e  was 0*509^x0*1235" « •©  6286 
square  in s *
(4 )
G e r a r d  S t r i p  E x t e n s o n e t e r .

* # Young1 s M odu lus, E , »  0*05 x 2240 x 10#000
0*06286 x 1*206
«  29*55 x IQ® lb #  p a r  eq# In e h #
( b )  P o is a o r ’ s l ia i lo  £#
1 'lT' nirijri1 T'“ " m .
The measurement o f  F o isson  *a R atio  i ,  f o r  the m a te r ia l
m
was a more d i f f i c u l t  problem  than the d e te rm in a tio n  o f  Young’ s 
M odu lus, R# The d i f f i c u l t y  was In c re a sed  by the f a c t  th a t . 
the m ild  s t e e l  was in  the form  o f  p la t©  on ly  | in#  th ick#
A le n g th  o f  m ild  s t e e l  o f  square  s e c t io n  0 * l u x 0 *1 1 x 121 
was cu t from  the p la t e  a s  a c c u ra te ly  as p o s s ib le ,  th e  fa c e s  
b e in g  f i r s t  f i l e d  and then f in is h e d  to  the req u ired  s iz e  by  
g r in d in g #  A c i r c u l a r  se c t io n  rod  would have been p r e f e r a b le  
f o r  the  d e te rm in a tio n  o f  P o le s  o n 1 a R a tio  b u t ,  in  v iew  o f  the  
d i f f i c u l t y  o f  m ach in ing such a th in  r o d ,  th e  square  se c t io n  
was used#
The method o f  f in d in g  I o is o o n ’ s R atio  was as  f o l l o w s ,  the  
ap p a ra tu s  used  b e in g  shown in  F i g #5# The rod  was s e c u re ly  
f ix e d  a t  one end in  a  heavy chuck# a ttach ed  to  th e  o th e r  end 
by  s e t  screw s wap a r in g ,  to  which  were f i t t e d  two very  m x l l  
s t o p s ,  th ese  b e in g  u t i l i s e d  f o r  a p p ly in g  a pu re  to rqu e  by  aeons  
o f  the. s t i r r u p s  shown# Cords p a s s in g  from th ese  s t i r r u p s  o v e r  
b a l l - b e a r i n g  p u l le y s  had sm a ll brt.se  sea l©  pans a ttached#
F o r th e  measurement o f  the d e f l e c t io n s ,  two r in g s  o f  la r g e  
d iam ete r w ere a ttach ed  by  set, screw s to  ends o f  the s h a ft  a t  
a d is ta n c e  a p a r t  o f  10 in s # ,  the r in g s  b e in g  g raduated  in  degx*eea•
Loads w ere a p p lie d  by  means o f  the w e igh ts  and p u l le y s  
and a graph  o f  lo ad  a g a in s t  t o r s io n a l  d e f le c t io n  f o r  the  t e s t  
le n g th  was p lo t t e d  aa shown in  F Ig # 4 # , the s lo p e  o f  th is  l in e  
b e in g  a m easure o f  the to rque  p e r  u n it  t w is t  o f  the rod#
The r e s u l t s  ob ta in ed  a re  shown in  the ta b le #
( s )
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u m m m
0 0
0*5 1*3
1*0 2*5
1*5 4*0
2*0 5*5
2*5 6*8
3*0 8*0
3*5 0*4
4*0 10*5
Fro© F ig ,4 ,
^>calo pan lo ad  f o r  1° t w is t  »  0.376 lb *
Torque ana »  0*75 in s
. * •  Torque f o r  1 ° t w is t  »  0*376 x 0 .75  *  0*282 l b * i n s ,
A fo rm u la  f o r  the a n g u la r  tw is t  o f  a squ are  s e c t io n  rod  i s
o m  t
0*14070 S4 
where 0 *  tw is t  In  ra d iu s  
T «  to rqu e  l b * l n s ,
£  n t e s t  len g th  
S »  s id e  o f  square  in s *
C »  Sheoringmodulus l b *  p e r  sq * in ch *
In  the above experim ent:**
0 m 1 d eg ree  «* 1 r a d ia n s
57*3
T »  0*282 lb *  in s *
^  £ »  10 in s *
3 sa 0 * l in s .
, •.Shearing odu lus C «  T £  «  0*232 x 10 x 57*3
0*1407 0 • 1407 x *0001
= (|'5xlOfr lb. per sq.in.
ram the r e la t io n s h ip  between the e l a s t i c  c o n sta n ts : -  £  = 2 C ^ lt i^ )
• * ♦ I o i s s o n 98 R a t i o  i  »  E —1 *  29*55 —1 «  0*200
m HT ^ 3 *0
Ab a r e s u l t  o f  th ese  two experim en ts , v a lu es  o f  Young’ s
Modulus B and F o la so n ’s R atio  1 were taken a s  29*55 x 106 15.
5
p e r  sq# in ch  and 0*29 r e s p e c t iv e ly  f o r  the s t r e s s  a n a ly s is  
o f  the p la t e  problem s# These va lu es  a re  t y p ic a l  o f  those f o r  
m ild  s t e e l#
I t  w i l l  be noted  l a t e r ,  th a t  the v a lu e  o f  Young’ s M odu lus,
1 ,  needs to  be  more a c c u ra te ly  determ ined than P o l3 3 ! on ’ s R a t io ,  
I f  a c o r re c t  s t r e s s  a n a ly s is  i s  to  bo made. T h is ,  how ever,
I s  c e r t a in  to  be  the c a s e , a s  the  d e te rm in a tio n  o f  K i s  a 
s im p le r  p rob lem , p e rm itt in g  the us© o f  more a ccu ra te  in strum ents#
V d e s c r ip t io n  o f  *pparatU3 bsod
i ■ m — — m i m \m mtumv
% - !;tT; ’ T 4 . ‘v *
The apparatu s c o n s is te d  o f  a p re ssu re  box r e s t in g  on a 
c a s t  ir o n  b a s e ,  the l a t t e r  c a r ry in g  fo u r  e q u ld is t a n t ly  spaced  
support p i l l a r s  o f  m ild  s t e e l  tu b in g , 2{|5J ii& m eter#  The 
p i l l a r s  wet^e screwed and b o lt e d  in to  the b a se  as shown in  
P Ig # 5 # , which g iv e s  a d iagram m atic view  o f the a p p a ra tu s .
These fo u r  support p i l l a r s  c a r r ie d  in  tu rn  the overhead c a s t  
Iro n  cross«*bu r which cou ld  be ad ju s ted  to  any re q u ire d  h e igh t  
above the p re s su re  box#
A screwed ju n c t io n  In  the u n d ers id e  o f  the p re ssu re  box  
le d  d i r e c t ly  to  a h y d ra u lic  main through an o rd in a ry  tap#
A branch  In  t h is  p ip e  was f i t t e d  w ith  an o th er tap  f o r  the  
purpose o f  d raw in g  o f f  w a te r*  a second branch  le a d  to  a 
v e r t i c a l  p ip e  o f  2 in #  d iam ete r  m ild  s t e e l  tu b in g  f i t t e d  w ith  
a g la s s  manometer tube  end cen tim etre  s c a le #  T h is  manometer 
served  to  measure the head o f  w a te r in  the p re s su re  box#
W ater was f i r s t  l e t  in  through  the I n le t  tap  to  seme va lu e  
s l i g h t l y  lo w e r than th a t  re q u ire d  and the f i n a l  head ob ta in ed  
by  p o u rin g  w a te r from  a b e ak e r  in to  the v e r t i c a l  m ild  s t e e l  p ipe#
The machined su r fa c e  o f  the c a s t  ir o n  p re ssu re  box was 
f i t t e d  w ith  2 4 - i  in #  d iam ete r W hitworth s t e e l  studs e q u ld is t a n t ly  
□paced around the rim# By means o f  th ese  and a s t e e l  co ve r  
r in g  which acted  as a w ash er, the ru b b e r  diaphragm  shown was 
b o lte d  down so as to  cove r com p lete ly  the top  o f  the p re ssu re  
b o x . T h is  ru bbe r diaphragm  wag 4 in *  th ic k  and 2 4  In s#  
d iam ete r and supported  the m ild  s t e e l  p la t e s  on which the 
experim ents were c a r r ie d  out# The diaphragm  was f i t t e d  w ith  
a b ic y c le  ty re  v a lv e  f o r  the purpose o f  rem oving a i r  between _ 
the su r fa c e  o f  the w a te r  In  the p re ssu re  box  and the under  
s id e  o f  the diaphragm #
The coluians f o r  a p p ly in g  con cen trated  lo a d s  were o f  s t e e l  
tu b in g  1 i n .  o u ts id e  d iam ete r  and t  In #  b o r e ,  one o f  these
(7 )
F io .5 D ia g r a m  o f  A p p a r a t u s
P l a n
vcr r in g For Securing 
aphrcnj  m ho pressure bo*
 ^ *1
if>noqj8 Wbfrworfh Sl«s<si 
5fucis ond Note
b e in g  shown In  p o s it io n  in  F lg * 5 *  The ends o f  the columns 
were f i t t e d  w ith  r i v e t  shaped p ie c e s  o f  s t e e l ,  which were  
fo rc e d  in to  the  tu b in g  to  form a b a l l  shaped end . The 
maximum load  on the p la t e  was to  be l im ite d  to  about 140 lb #  
and the le n g th  o f  the  s t r u t  was about 12 in s#  aastvaing Young*s  
M odulus, in  com pression  f o r  ra ild  s t e e l  to  be 30 x 10^ lb #  p e r  
sq# in ch  and no b u c k lin g  to  o ccu r,
Maximum S t re s s  in  S t ru t  «  14Q *= 238 lb #  p e r  s q .in #
irTotsa - 0. 25S)
• • Com pression o f  s t r u t  «  238 x 1 8 v in s#  «  >000095 in s#
30 x 106
T h is was soen to  be a n e g l ig a b le  q u a n t ity  even f o r  the  case  
o f  on ly  one su pport -  f o r  fo u r  supports  th e  com pression  was 
l e s s  than 1 o f  a thousandth  o f  an inch#
3 < r
To f a c i l i t a t e  the measurement o f  the d e f le c t io n s  a ’’b r i d ^ ’1 
d es ign ed  by  M r, V#C. d a v ie s ,  Head o f  the E n g in ee rin g  departm ent 
o f  B a t te rs e a  P o ly te c h n ic , was used# A d raw in g  o f  t h is  l a  
shown in  F i g . 6 # -  d e t a i le d  d raw in gs  b e in g  g iven  in  F iga#7  and 8# 
T h is  b r id g e  c o n s is te d  e s s e n t i a l l y  o f  a heavy s t e e l  b a r  supported  
a t  th ree  p o in ts  by  means o f  the ' l e g s 1*' shown# Two o f  these  
" le g e  were screwed in t o  a S a d d le '*  which cou ld  be  a d ju s te d  to  
any p o s it io n  a lo n g  the heavy s t e e l  b a r .  The o th e r le g  was 
screwed to  the b a r  by means o f  the a n g le  p ie c e  shown in  F ig # 6# 
M Justm ents f o r  l e v e l l i n g  the s t e e l  b a r  were mad© by  sc rew in g  
in  the le g s  and lo c k in g  the l a t t e r  in  p la c e  by means o f  K nurled  
nuts#
The heavy s t e e l  b a r  had a V shaped g roove  out in  i t s  
upper edge and a f l a t  a t  45* w ith  the h o r iz o n ta l  machined in  
one o f  i t a  lo w e r edges# These were f o r  the purpose o f  a t ta c h in g  
the two c l i p s  one o f  which i s  shown in. F ig7#  The c l i p s  cou ld  
be a d ju s te d  to  any p o s it io n  a lo n g  the b a r  and locked  in  p la c e  
by  means o f  the screw  which clamped a g a in s t  the a lr e a d y  m entioned  
f i a t #  These c l i p s  were b ra s s  c a s t in g s  in t o  which were screwed  
th ree  s tu d s , two o f  which ran  in  the groove  a t  the  top  o f  the  
b a r  and the o th e r  a lo n g  a f i a t  machined from  one fa c e  o f  the 
ba r#  A square  h o le  £ in#  x i  in #  cut in  the c l i p s  was f o r  the  
attachm ent o f  the d i a l  gauges by  moans o f  square  shanked b o lt s #  
The p o s it io n  o f  the c l i p  a lo n g  the  s t e e l  b a r  was m easured by  
means o f  a p o in t e r  screw ed to  the c l i p  which read  on a boxwood 
s c a le  screwed to  the b a r .  Ames d i a l  gauges were used to  
measure the  d e f le c t io n s #  F o r  the  cases where the l a r g e r  
d e f le c t io n s  were to  be  m easured, d i a l  gauges graduated  in  1
TCtTtf
in oh  were used w h i le ,  f o r  the sm a lle r  d e f le c t io n s ,  gauges  
graduated  in  1 were used# By c a r e fu l  re a d in g , i t  was
lO , Q 6 6
p o s s ib le  to  read  to  1 o f  a d iv i s io n  on the  d i a l  gauges so th a t
TC
(8 )
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re ad in g s  to  1 and 1 Inch  f o r  the two tY i.es
T p p m  i w ; m
r e s p e c t iv e ly  cou ld  be ob ta in ed #  B e fo re  they were u sed , both  
types o f  gauges were checked a g a in s t  stan dard  gauges to  ensu re  
t h e i r  accuracy#
VI E xperim en ta l work «► C i r c u la r  frl&te
( a )  P re lim in a ry  C a l ib r a t io n  o f  Apparatus
B e fo re  any experim en ts cou ld  be  c a r r ie d  out i t  was 
n ec e s sa ry  to  c a l i b r a t e  the app a ra tu s  -  th a t  i s ,  to  o b ta in  a 
r e la t io n s h ip  between the  manometer re a d in g  and the lo ad  to  
which the p la t e  was su b je c te d *  A c c o rd in g ly  the p la t e  was 
loaded  by  stan dard  w e igh ts  in  increm ents o f  10 l b .  up to  a  
max i mum o f  50 l b * ,  the p la t e  b e in g  p la c ed  i n i t i a l l y  in  each o f  
th ree  p o s it io n s  aa shown in  the  sk e tc h e s . I t  shou ld  be noted  
th a t  the p la t e  was s l i g h t l y  low ered  by the a p p lic a t io n  o f  lo ad  
on I t s  s u r fa c e  duo to  the f a c t  th a t come o f  the w a te r  in  the  
p re s su re  box  was fo rc e d  in t o  the s id e  tube# 13 , how ever, 
was r e a d i ly  shown to  be n e g i g i b lo ,  b e in g  in  f a c t  
a re a  o f  s id e  tube x in c rem en ta l head »  4 x head »
a rea  o T "■ 3o ssu re  box ItJtT
3$ o f  the head# Aa the  t o t a l  head o f  w a te r  f o r  a lo ad  o f  
50 l b .  o n ly  amounts to  15 oma#, the amount low ered  b y  the p la t e  
would be 1$ mm. which i s  w ith in  the e x p e rim en ta l d e te rm in a tio n  
o f  the head#
Case 1 »
LOAD
LB.
HEAD
CMS.
HEAD INCREMENT 
CMS.
10 3 -1 3*2
20 6 -2 3*1
30 9*2 3 -0
40 12-2 3*0
50 15-1 2*9
40 12*2 2*9
30 9*2 3*0
20 6*2 3*0
10 3*2 3*2
LOAD
LB.
HEAD
CMS
HEAD INCREMENT 
CMS.
10 3*0 3 -0
20 6-0 3*0
30 9*0
o•to
40 - 12*0 o•to.
50 15-0 3 -0
40 12-0 3 -0
30 9*0 - 3 -0
20 6*0 3 • 0
1 10 3 -0
o•to
( 1 0 )
Case 3*
LOAD
2JB.
*
HKAi)
CM3.
h s a d
10 3*0 3*0
20 6*0 3*0
30 9*0 3*0
40 12*0 3*0
4
50 15*0 3*0
40 12*0 3*0
30 9*0 1 * 0
20 0*0 3*0
,1 0 3*0 3*0
From th ese  th re e  experim ents i t  was seen th a t  when the  
top  su r fa c e  o f  the p la t e  was e i t h e r  s l i g h t l y  be low  the l e v e l  
o f  the top, su r fa c e  o f  t h e  ru b b e r  o r  a t  the s a m e  l e v e l ,  i f c  
l i n e a r  law  connecting  lo ad  on p la t e  and head o f  w a te r  in  the  
nanom eter r e s u l t e d ,  a lo ad  o f  10 l b *  on the p la t e  c au s in g  an 
in c re a se  in  head o f  3 *0  csss# v?hen# how ever, the top su r fa c e  
o f  the p la t e  was nueh above the  le v e l  o f  the top  su r fa c e  o f  
the ru b b e r  d iaphragm , i t  was found th at the  whole o f  the  
su r fa c o  o f  the p la t e  was not in  con tact w ith  the ru b b e r , the  
a re a  o f  con tac t in c r e a s in g  as the  load  on the p la t e  was 
In c re a se d *  Thus the law  connecting  load  and head o f  w ater in  
t h is  case was not l i n e a r ,  s in c e  the a rea  o f  con tac t was not  
c o n s ta n t ; the head increm ents were found to  d ec re a se  as the  
lo ad  on the p la t©  was in c re a se d #  From th ese  th ree  experim ents  
i t  was apparen t th a t  the  most s u it a b le  r e l a t i v e  p o s it io n  f o r  
the top  s u r fa c e s  o f  the p la t©  andrubber diaphragm  was when 
they wore p r a c t i c a l ly  l e v e l  o r ,  a t  the m ost, the p l a t e f s 
s u r fa c e  was s l i g h t ly  be low  th a t  o f  the d iaphragm *
(11)
I t  was thought th a t  th e re  was a p o s s i b i l i t y  o f  a i r  b e in g  
in tro d u ced  between the w a te r  l e v e l  in  the p re ssu re  box  end the  
bottom  su r fa c e  o f  the ru b b e r  diaphragm  e i t h e r  b e fo re  o r  d u r in g  
the experim en t, and i t  was ap p re c ia ted  th a t t h is  would produce  
c o n d it io n s  which were n o t e n t i r e ly  h y d ro s ta t ic *  A c c o rd in g ly ,  
i t  was d ec id ed  to  ob se rve  the e f f e c t s  o f  In tro d u c in g  a f a i r l y  
la r g e  volume o f  a i r  in t o  the  p re s su re  box* a volume which  
would be c o n s id e ra b ly  g r e a t e r  than th a t  l i k e l y  to be  met w ith  
in  p ra o t ic ® *  Cases 2 and 3 (t o p  su r fa c e  o f  p la t e  r e s p e c t iv e ly  
0*35 eras* be low  u :d l e v e l  w ith  th a t  o f  the ru b b e r  d iaphragm ) 
were th e re fo r©  rep ea ted  a f t e r  b lo w in g  In  a i r  th rough  a  v a lv e  
w ith  which the diaphragm  was f i t t e d *  ' Very l i t t l e  change in  the  
head increm ents was o b se rv e d , 50 l b *  load  c au s in g  14*85 cms. 
In c re a se  In  head o f  w a te r  in  both  oases a s  compared w ith  15*00  
cms# in  the oases  in  w hich  a l l  the a i r  had p r e v io u s ly  been  
e x c e l le d *  I t  was concluded t h e r e fo r e ,  th a t  the e f f e c t  o f  
a c c id e n t ly  in t ro d u c in g  a i r  th rough  the v a lv e  o r  by  le ak age  
d u r in g  tne experim ent was n e g l i g i b le *  The c a l ib r a t io n  f a c t o r ,  
i t  was a ls o  con c lu d ed , was such th at 10 lb #  lo ad  u n ifo rm ly  
d is t r ib u t e d  o ve r the p la t©  caused  on In c re a se  in  head o f  3 cma. 
o f  w a te r in  th e  manometer tu b e ,
( b )  Case o f  s in g le  C e n tra l Support -  C i r c u la r  R la te  
( I ) E xperim en ta l work
The ap p a ra tu s  was s e t  up w ith  a s in g le  b a l l -e n d e d  support  
in  the c en tre  o f  the p la t e  and w ith  a sm a ll I n i t i a l  head o f  
w a te r  to  ensure  th a t any tendency to  s la ck n e ss  in  any o f  the  
p a r t s  o f  toe  appara tu s  was taken up# R eadings to  1
1 0 ,0 0 0
In ch  a t  v a r io u s  r a d i i  were taken a t  d ia m e t r ic a l ly  o p p o s ite  
p o in ts  on the p la t e ,  th ese  b e in g  checked a t  v a r io u s  d iam ete rs  
to  ensure  th a t  the ben t form  o f  the p la t e  was a su r fa c e  o f  
re v o lu t io n #  A maximum head o f  40 cms* o f  w a te r  t® 133 l /5 
lb #  t o t a l  lo a d )  by  increm ents o f  10 cms* was a p p lie d  and the  
f o l lo w in g  d e fle c t !c an s  o b ta in ed *
(1 2 )
Measured d e f le c t io n s  a t  V ariou s R ad ii f o r  a U n ifo rm ly
Table 1
Loaded C ir c u la r  P la te  on a S in g le  C e n tra l Sujpport
T o ta l Load *  133 1/3 l b .  (40 cxns. head o f w a te r )
%/ a >'■. •
RADIUS
IK S .
DEFLECTION-INS. 
(LEFT DIAL GAUGE)
DEFLECTION-INS. 
(RIGHT DIAL GAUGE)
MEAN 
DEFLECTION. 
IN S .
8 0*0435 0*0455 0*0445
7 0*0383 0.0401 0*0392
6 0*0324 0*0340 0*0332
5 0*0275 0*0285 0*0279
4 0*0214 0*0224 0 *0219
3 0*0156 0*0164 0-0160
2 0*0097 ‘ 0*0105 0*0101
1 un ab le  to  read  b e in g  n ea r  suppoU
The increm ent d e f le c t io n s  a t  the v a r io u s  r a d i i  caused by  each  
increm ent o f  10 cms. head o f  w ater were found to be th e  same 
and thus a graph  o f  head a g a in s t  d e f le c t io n  would obey a l in e a r  
law . I t  w i l l  be  observed  th a t  in  T ab le  1 , the l e f t  hand d i a l  
gauge gave c o n s is t e n t ly  lo w e r re ad in g s  than the r ig h t  hand one. 
On changing the d i a l  gauges o v e r , the re ad in g s  obta ined  f o r  
each p o in t  remained the same, thus showing th a t  the p la t e  
t i l t e d  s l i g h t l y  on a p p lic a t io n  o f  lo a d . I t  was not thought 
n ecessa ry  to  re p ea t  the experim ent a f t e r  s e t t in g  up the  
apparatu s a g a in , as e x a c t ly  eq u a l re ad in g s  -o f the d i a l  gauges  
(show ing  no t i l t i n g  o f  the p la t e )  would be d i f f i c u l t  to  o b ta in  
and, in  any c a s e , the time d e f le c t io n  was o b v io u s ly  to be  
found by talcing a mean o f  the two re ad in g s  on op p o site  s id e s  
o f  the c e n tre . '
H aving found the d e f le c t io n s ,  i t  was then dec ided  to  
c a lc u la t e  the s t r e s s e s  se t  up in  the p la t e .  I t  i s  proved in  
te x t  books on S tren gth  o f  M a t e r i a l s ' ^ ' t h a t ,  in  a c i r c u la r  
p la t e  ben t in to  a su r fa c e  o f  r e v o lu t io n ,  the c ir c u m fe re n t ia l
(13)
and r a d i a l  s t r e s s e s  m y  b e  rep resen ted  as  fo l lo w s
i t i_  ( m e  +  d j n
1X-  0 ^  OC cl 00/
C irc u m fe re n t ia l s t r e s s  pz *  B fth
2 6
R ad ia l s t r e s s  = Em h (Vnd8 ( Q ^
2 ( m M  d o c  o c y
where h, «  th ick n ess  o f  p la t e
0 «  In c l in a t io n  to  the v e r t i c a l  o f  l in e s
o r i g in a l ly  v e r t i c a l  a t  ra d iu s
E «  Young’ s  Modulus*
JL =t P o ls s o n ’ s R atio  m
C on side r the elem ent o f  the ben t p la t e ,  ^6  su b ten d in g  an a n g le  
as shown*
Radius o f  C u rva tu re  In  m erid ian  p lan e  ZLQX = ><=^c
d 0
C & f - & # + ( ? * ) * •
and when 3 /.— o .
f c e  [ , + ( a f J T -  l + K f x T
I f  - '- * & )*
d z
s in c e  3^ 1® sm a ll
and
Now
a *  d_2 = d x .  d z  _  d rz  L/dz \3
dA d >6 doc d x  2\ d o c '
(1 4 )
s in c e  st? I s  s p a l l  
doc
^  &  U Z z - q ince dz, gnia q i
a x  dsc* ZVdccJ doc1 d b ?
S u b s t itu t in g  these  va lu es  o f  0 and ^  in  the form ulae f o r  the  
c ir c u m fe re n t ia l  and r a d i a l  s t r e s s e s ,  we have
C irc u m fe re n t ia l s t r e s s  p, *  E-mh /m dz . dzz. ^
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R ad ia l stres&  b ~  E.4tvK d xz. 4- l d z ^
z ( n ^ ~ ' r  d x *  30 d x '
D iffe re n tia tin g
Thus, in  o rd e r  to  f in d  the c irc u m fe re n t ia l  s t r e s s  p*and r a d i a l  
s t r e s s  px, I t  v/as n ece ssa ry  to  f in d  the f i r s t  and second 
d e r iv a t iv e s  o f  the d e f le c t io n  z. w ith  re sp e c t  to  the ra d iu s  X  ♦
Method o f  F in d in g  the f i r s t  and second d e r iv a t iv e s  o f
d e f le c t io n  w ith  re sp e c t  to  ra d iu s
In  o rd e r to  c a lc u la t e  asc and H x 2 from the cdirves o f  d e f le c t io n ,  
use was made o f  the C a lc u lu s  o f  F in it e  D i f f e r e n c e s .  S e v e ra l  
f i n i t e  d i f f e r e n c e  equ ation s have been deve loped  f o r  f in d in g  
d i f f e r e n t i a l  c o e f f i c i e n t s ,  each having t h e i r  p a r t ic u la r  m erits  
In  p a r t ic u la r  c a s e s , dependent upon the accu racy  w ith  which  
re ad in g s  can be tak en . a f t e r  t ry in g  s e v e ra l  o f  these  e q u a t io n s ,  
i t  was d ec ided  th at the g r e a t e s t  requirem ent in  the p a r t ic u la r  
case to  be in v e s t ig a t e d ,  was an equation  in  which the terms in  
the s e r ie s  converged r a p id ly ,  as the d i f fe r e n c e s  ob ta in ed  in  
columns p a s t  the fo u r th  o r f i f t h  were g e n e r a l ly  m ean in g le ss .
The equation  b e s t  s u it in g  the p a r t ic u la r  purpose o f  the c a lc u la t ­
ion  o f s lo p e s  o f  the d e f le c t io n  curve was found to  be S t i r l i n g 's  
fo rm u la , the d e r iv a t io n  o f  t h is  b e in g  g iven  in  many books on 
a p p lie d  m athem atics -  e g .  Vvhittaker and R ob in so n 's  "A Short  
Course in  In t e r p o la t io n  . T h is  form ula  may be expressed  as
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where £ »  sp ac in g  o f  the va lu es o f  X  .
A^ A 3 = terms o f  the f i r s t ,  t h i r d ,  f i f t h  e t c .
’ o rd e r o f  d i f f e r e n c e s .
I t  w i l l  be seen th a t ,  u s in g  t h is  equation  w ith  a s e r ie s  o f
va lu es  o f  d e f le c t io n  f o r  X =  0 in s .  to  X  = B I n s . ,  the
(15)
d i f f e r e n t i a l  c o e f f i c i e n t s  a t  the ends o f  the t a b le  cannot be  
foun d . T h is d i f f i c u l t y  was overcome by p lo t t in g  d e f le c t io n  
cu rves  and e x t r a p o la t in g  the cu rves to  g iv e  e x tra  (a lth o u g h  
im ag in a ry ) v a lu es  in  the t a b le .  In  t h is  manner, the va lu es  
o f the d i f f e r e n t i a l  c o e f f i c ie n t s  a t  the ends o f  the o r i g in a l  
t a b le  cou ld  be found to  what was con sidered  to  be a c lo s e  
d eg ree  o f  app ro x im ation . A f t e r  f in d in g  the f i r s t  d i f f e r e n t i a l  
c o e f f i c i e n t ,  the whole p rocedu re  was rep ea ted  to  g iv e  the  
second d i f f e r e n t i a l  c o e f f i c i e n t s .  U sin g  th is  method, the  
f o l lo w in g  v a lu e s  o f  da. and were a r r iv e d  a t .
Hoc e d *
T ab le  2 . 
d z  cC^ z
Values o f  ac5c and f o r  V arious v a lu e s  o f  ra d iu s  f o r
a U n ifo rm ly  Loaded C i r c u la r  P la te  on a S in g le  C en tra l Support 
T o ta l Load «  133 1/3 l b .  (40  cms. head o f  w a te r )
RADIUS
IN S . otOC
dTz
dac doc2:
0 0 -•005050
1 -*00514 -*002780
2 -*00556 -*000290
3 -*00572 -*000135
4 — * 00583 -*000070
5 -*00586 *000035
6 -*00576 *000130
7 / —•00560 *000170
8 -*00560 •000200
From T ab le  2 , the fo l lo w in g  v a lu es  o f  c ir c u m fe re n t ia l  and 
r a d i a l  s t r e s s e s  were o b ta in e d .
(16)
Measured Values o f  C irc u m fe re n t ia l and R ad ia l S t re s s  f o r  a 
U n ifo rm ly  Loaded C i r c u la r  P la te  on a S in g le  C e n tra l Support  
T o ta l Load «  153 1/5 lb *  (4 0  cms* head o f  w a te r )
Table 3 *
RADIUS
INS.
CIRCUMFERENTIAL STRESS 
LB# PER Sft. IN .
RADIAL STRESS 
LB* PER SQ. IN *
1 -1 1 ,8 4 0 —8,510
2 -  5,710 -2 ,1 8 5
3 -  3 ,880 -1 ,3 7 2
4 -  2,945 -  982
5 -  2,320 -  608
6 -  1 ,840 -  296
7 -  1,500 — 144
8 -  1 ,290
( i i )  Theory
I t  wa9 n ex t d ec id ed  to  c a lc u la t e  the d e f le c t io n s  and s t r e s s -  
es f o r  a u n ifo rm ly  loaded  c i r c u la r  p la t e  on a s in g le  c e n t r a l  
support u s in g  a th eo ry  due to  G ra sh o f. T h is  theory  assumes 
th a t  a l l  the s t r e s s e s  s e t  up in  the p la t e  a re  bend ing  ones and 
th e re fo re  th a t  the ben t su r fa c e  o f  the p la t e  i s  d e v e lo p a b le  -  
the s o -c a l le d  P o is s o n -K irc h h o ff  assum ption*
(17)
, ( 1 1 )
U sin g  G ra s h o f 's  m ethod, i t  i s  e a s i ly  p roved  th at
0- =  C  *+ —K (j-oc)e oc — 3 -    — --X
00 Q- R2 / x d x
where 0 = in c l in a t io n  to the v e r t i c a l  o f  l in e s  o r i g i n a l l y  
v e r t i c a l  a t  r a d iu s  X  •
Z «  d e f le c t io n  a t  r a d iu s  X- 
K = 3 ( W -  Q P
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C and 3 a re  con stan ts
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From the boundary c o n d it io n s ,  i t  I s  found th a t
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when approaches z e ro ,  ( I . E . ,  p o in t  co n tac t  i s  app roach ed )
:d  ^  o .
In  equ a tio n  I I ,  when x = R , z  =  0 -
O  =  O S *— K { ^ ~  ^ | 2 ) +  ^  Conshanf>'    HI
S u b s t itu t in g  ? I I  in  ^ 1 ,  we have
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For the p late  m ateria l
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0*29 o r e  s  3 *45 .
#  * - : - V
29*55x10® l b ,  p e r  sq .in c h  
0*1235 in s .
8 I n s .
S u b s t itu t in g  th ese  con stan ts in  IV ,  we ob ta in  
z -  O * 3 8 3 P M o " G { 45 9 o  t f  - 5  l o ^ + f S - i + Z i f  0cldo<jio^
F o r a head o f  40 cms. o f  w a te r  o r  t o t a l  lo a d "P  = 133 1/3 l b .
z. =• 130-90 x fc fC [39o  q .-S  l x 1 +  18'M'2kY?'Coql ^  Z
8  G i+ J
T h is  equation  g iv e s  the d e f le c t io n  measured from a p lan e  
th rough  the p e r ip h e ry  o f  the ben t p la t e  as datum w h i le ,  in  
the experim en ta l w ork , the measurements were taken from  a 
p lan e  through the p o in t  o f con tac t o f  the support and p la t e .  
T h e re fo re , to  compare the measured and c a lc u la te d  r e s u l t s ,
I t  was n ecessa ry  to  c a lc u la t e  the maximum d e f le c t io n  from  
equation  IV  and su b t ra c t  d e f le c t io n s  a t  v a r io u s  r a d i i  from  t h i s .  
The form u la  f o r  the d e f le c t io n s  to  compare w ith  those found  
from  experim ent i s  th e r e fo re
z.* /3o 5 ' l x M S  +
The d e f le c t io n s  c a lc u la te d  from  th is  equation  a re  g iven  in  
T ab le  4 .
P o is s o n ’ s R atio  1 ®cr
Young’ s Modulus E m 
P la te  th ick n ess  h »  
P la t e  ra d iu s  R =
(19)
T h e o re t ic a l  D e f ix a t io n s  a t  V arious R ad ii f o r  a TJn ifom ly  
loaded  C ir c u la r  P la t e  on a S in g le  C en tra l Support 
T o ta l  Load «  133 1/5 lb #  (40  cms# head o f  w a te r )
Table 4 #
ii&DIOS
INS#
DEFLECTION
INS#
0 0
1 * 0*0028
2 0*0086
3 0*0154
4 0*0226
5 0*0304
6 * 0*0373
7 0*0445
8 0*0512
F o r  the t h e o r e t ic a l  d e t e m ln a t lo n  o f  the s t r e s s e s ,  G rasho f f s 
th e o ry (3.4) g iv e s
• ! - c -
w ith  the u s u a l nom enclature and the con stan t
c  = 5 i rrll~D.L  j  E H «g  g  +  L
TTI^em 1^  I  +  m + i J
. ' . 0  = 3(m t-0T> f „ j. . r  + J_ ILL1 “
* -  f t  fO ’E m f f  [  9e ^  m + l
(*20)
R H , Se O C 4 - n
and
5 ( w - - iy p  c e + i D u '  o c - ^ + s x 1?
i r ^ E w ^ h *  t  6 e  ^ n x + l  T j : J
N°W c  rrrh C a  -/o ')
C irc u m fe re n t ia l S t re s s  tL ®—7 r  jm ®  +  *4^7
rz  ZCm 2' - i )  C * -  docJ
and R ad ia l S t re s s  pq = Errvh (  + m 4 ?  (
2 (m > -iV  t  ^  c J
U sin g  the p la t e  con stan ts A lre a d y  used f o r  the t h e o r e t ic a l  
determ ination  o f  the d e f le c t io n s  we f in d ,  f o r  a head o f  
40 cms. o f  w ater ( t o t a l  load  on p la t e  P *  133 1/3 l b . ) ‘
C irc u m fe re n t ia l S t re s s  p* -  18*88 ^ 5 S '^ o g (o £^4  l-C*loc2’-2£|.'8^ 
R ad ia l S tre s s  p x “  1000  £ 055 2©3,c +2.-80-X1— 181-8J
The s t r e s s e s  c a lc u la te d  from these equations a re  g iven  in  
T ab le  5 .
(21 )
T h e o re t ic a l  C irc u m fe re n t ia l unci R ad ia l S tre s se s  a t  . 
/arioua . ad 11 f o r  a U n ifo rmly  Loaded C i r c u la r  r l a t e  
on a s in g le  C e n tra l Support  
T o ta l Load «  133 1/3 l b .  (40  on s . bead  o f  w a te r )
Table 5 .
RADIUS
IN S .
C I FeC UdFERENTIAL STRESS 
LB. i'ER 8£ . IN .
RADIAL STRESS
IB ,  iEH SQv IN .
1 -1 0 ,7 0 0 * - 7 ,3 0 0
£ •  7 ,1 0 0 —4,024
3 -  5 ,0 8 0 -2 ,3 0 3
4 -  3 ,7 4 0 -1 ,1 4 5
5
•
-  3 ,1 0 6 -  436
6 •  2 ,1 7 6 -  44
7 -  1 ,7 4 4 90  , .
a -  1 ,4 7 5
»
0
( i i i )  C on c lu s ion s
T ab le  6 compares the measured and t h e o r e t ic a l  d e f le c t io n s  
f o r  the oase o f  a u n ifo rm ly  loaded  c i r c u la r  p la t e  on a s in g le  
c e n t r a l  su p p o rt .
Comparison o f  ouau-ocv and T h e o re t ic a l D e f le c t io n s  
f o r  a U n ifo rm ly  Loaded C i r c u la r  * l a t e  on a s in g le
C e n tra l su ppo rt   1—    — -  ■—  — —
T o ta l aood w 133 1/8 1^* (4 0  cms* head o f  w a te r )
Table 6 ,
RADIUS
IR S,
MK&SUKRD
DEFLECTION
INS*
CALCULATKB
DEFLECTION
IN S .
n  n  »  t  . m i in. ii n r u .  ir i i r  i l J i M
0 0
1 — 0*0028
2 0*0101 0.0086
3 0*0160 0.0134
4 0*0219 0.0226
5 0*0279 0.0304
6 0*0332 0.0373
7 0*0392 0.0445
S
■ ------------------- -------------------- -------------- -------------- -------- ----------------------------------
0*0446 0*0512
Graphs o f  m easured and c a lc u la t e d  d e f le c t io n  a g a in s t  ra d iu s  
a re  p lo t t e d  in  F ig *  9 * From t h is  i t  i s  seen th a t G ra s h o ^ s  
th eo ry  somewhat o ve re st im ate s  the maximum d e f le c t io n  and i t  
was thought th a t  t h is  was p a r t ly  due to  the  s t r e s s in g  o f  the  
m idd le  s u r fa c e  o f  th e  p la t e  which had been ign o red  in  the  
theory#
T a b le  7 compares the measured and t h e o r e t ic a l  circum ­
f e r e n t i a l  and r a d i a l  s t r e s s e s  f o r  the case  o f  a u n ifo rm ly  
lo ad ed  c i r c u la r  p la t e  on a s in g le  c e n t r a l  support#
(2 3 )
R A 0 I 0 5 - I N 5
F ig  : 9
Co m p a r 'So n  of M e a s u r e d  a n d  C a l c u l a t e d
I>EFI_ECTiON5 FOR IciRCULAR PLATE WITH       ■        .
S in g l e  c e n t r a l  s u p p o r t ! /
$ T::::’** * H
m prgp-
[ /I | X t ,. i » - - t LL-L*
/
11 L! *4
/I I »•f - »*- • f’*- *
►-r~~rr~trr- r-rrrj-r-p - r"  :u' i I *■:: t ?: *::
f f
*r . .
: •:j: j ' I ■.{* f.t j .. O/f**Za /
V. . . -... r - ** ,O/ VP
T /  /  
/  /
i  t-
■ ■ ■ i v ;—r  —p
D T
/  /  
A  /
S r n r r r : t 7 . n i  
11 1:. i ;  il l 
.VI ! . .X I . . * 4l t :,_4 to,  ^,Z
y / l l
T o t a l  l o a d  o n  p l a t e
j . // = 133-kLB.flfOCMS. h e a d )
/ // / t/  / —:*• rp:. ;; 1 p..' i H* t - * • * * •rr”’*r~r~- - { / / ...•J::::; ; '-----
/ / I ''i" i :rr-*p-*t":r;rr: r. Tfrlff rl:p. ...l: . t....
fr-
s
i£■«
S
----  -5----
 ^50 IBS►a ca m4 *
o  «  of! H +  W
£-* COK fl*
g  4  te
O >-m 
fc* Ha o  *
e l 3
O
o
CO40
*?
W*03
03%
t
3
IO40
031
IOV*
H*
r-l1
<0
•
*3*
•
8 o
p  :5£ •
i i *
§ $ 8  H ra n  * 
GtfS
o
H
to40
*
m
COri%
?
CS
**so40
r4
•
O
1
fl)
»
o
8
«
**rH
1
o
^ frt j-H
°  ?5 JS
I I  •
i l l
P § PH CHO SO
§
•0
Or-i1
8
ri%
C-
1
O
840
40
1
O
040
10
1
<0riO*
to
1
to
&40
03
1
50-40
H
»
to
40
rH
«
40d
< 05 
H #M. P m
S p
| | «
H 6« i
O h
t ©
s40
ri
H1
0ri
0-%
lO
1
%
8COi**
20
I
lO
OJ40
03
I
0
03
to40
03
1
O
§%
H
I
8
tO•0
r-i
1
O
Si40
ri 
f ‘
2  & •
s  a
£ .  R  ;
ri 03 60 W* L0 O C- CD
(2 4 )
Graphs o f  measured and t h e o r e t ic a l  c ir c u m fe re n t ia l  and r a d i a l  
s t r e s s e s  a re  p lo t t e d  a g a in s t  ra d iu s  In  F ig s *  10 and 11*
Once a g a in  the d isc re p an c y  i s  p ro b a b ly  p a r t ly  due to  the e f f e c t s  
o f  the t e n s i le  s t r e s s e s  in  the  n e u t ra l  s u r fa c e  and sh e a r in g  
s t r e s s e s  norm al t o  the p la t e *
( i v )  A p p lic a t io n  o f  P r e s c o t t 's  method
In  the h i s t o r i c a l  in t ro d u c t io n  to  t i l ls  re se a rc h  l t  was 
mentioned th a t  f o r  many y ea rs  the e f f e c t s  o f  the s t r a in s  
Induced in  the m iddle s u r fa c e  o f  the p la t e  bad been n e g le c te d ,  
and the problem  t re a te d  as i f  the bent f o r a  o f  the p la t e  was 
a d e v e lo p a b le  s u r fa c e  -  i * e .  the lo is s o n -K ir c h h o f f  assum ption*  
P resco ttv  12) p o in ts  out th at K e lv in  and Taifc ( I S )  and F f t p p l ( le )  
appear t o  be the on ly  w r it e r s  to  in d ic a te  the l im it a t io n s  to  
the u su a l th eo ry *  The problem  o f  the loaded  p la t e *  he sa y s *  
i s  e x a c t ly  ana logous to  th a t o f  a loaded  beam* w ith  the  
Im portant d i f f e r e n c e  th a t  whereas l t  I s  p o s s ib le  to  bend a  
beam to  a la r g e  cu rv a tu re  w ith ou t the m iddle su r fa c e  becom ing  
s t re tc h e d *  i t  i s  not p o s s ib le  to  do so  w ith  a th in  p la t e  u n le s s  
the su r fa c e  i s  d e v e lo p a b le  one*
D r* P re sc o t t  then d eve lop s  a th eo ry  f o r  the f le x u r e  o f  
th in  p la te s  tak in g  In to  account the s t r e t c h in g  o r  c o n tra c t in g  
o f  the m iddle s u r fa c e *  The th eo ry  can be used so  lon g  as the  
tangent p lan es a t  any two p o in ts  on tin) ben t m iddle su r fa c e  
make sm a ll a n g le s  w ith  each o th e r*  The la b o u r  in v o lv ed  in  
g e t t in g  an exac t s o lu t io n  to  th© equation? o f  th is  th eo ry  
would be too g re a t  and in  any case  cou ld  on ly  be exp ressed  
in  the f o r a  o f  on I n f in i t e  s e r i e s *  An approxim ate s o lu t io n  
i s  thus d eve loped  by assum ing a re a so n ab le  e x p re s s io n  f o r  the  
d e f le c t io n  s and s u b s t i t u t in g  in  the a ccu ra te  equation s o f  
e q u il ib r iu m  to  g iv e  an eq u a tio n  s im i la r  to  an energy  eq u a t io n *  
This p re sc o tt  c a l l s  the pseudo -en ergy  equ a tion  and from  i t  
the maximum d e f le c t io n  i s  determ ined*
I t  was d ec id ed  to  ap p ly  th is  theory to the problem  o f  
a u n ifo rm ly  loaded  c i r c u la r  p la t e  w ith  a s in g le  c e n t r a l  
su p p o rt*
Assume f o r  the d e f le c t io n  o f  the p la t e  a t  any ra d iu s  an  
eq u a tio n
z =  b 0 +
where z m the d e f le c t io n  a t  ra d iu s  x
b  a maximum d e f le c t io n
q •  2 * R b e in g  the r a d iu s .o f  the p la t e
R
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C o m p a r i s o n  o f  m e a s u r e d  a n d  c a l c u l a t e d
Fo r  c i r c u l a r
p l a t e  w it h  s in g l e  c e n t r a l  s u p p o r t .
n  P l a t e  =  ( 4 0 c m 3  H & a d )
Ka d i u s - i n s
ST
RE
SS
 
- 
LB
.P
ER
 
S
^.
llN
C
H
 
25
00
 
5.
00
0 
7£
00
 
10
,0
00
Co m p a r is o n  of M e  
R a d ia l  S t r e s s e s
C a l c u l a t e d
f o r  c i r c u l a r  puiATE
I 5 5 ^ e s . (4 Q c h 5.F4e a i>)To t a l  Lo a
Xanc ^ -a r e  con stan ts#
The p seudo -en ergy  aq u a tio n  i s
■* - -  .'T /dz>f
ro
where R *  ra d iu s  o f  the p la te
E a a con stan t
m2-!
a P o ls so n ’ a R atio
m
2
h a p la t e  th ick n ess
( b a a  fu n c t io n  such that r a d i a l  te n s io n  T? = £
T ' oc ctoc
The equ a tio n  f o r  <J) i s
*  4  ii ^ & ----------------- 51
I r o n  I  . , ,
4  = xte r
and From I I I
In t e g ra t in g  t h is  equ a tio n
4  4 ( 1  - t  ^ v y  j  + H (. ««**)
In t a g r a t in g  a g a in  f l
C L #  ~  - b Z j V F i r ]  4 . i r H q V K  «  ^
This eq u a tio n  eq u a ls  ze ro  a t  the cen tre  because  x »  o and 
a t  the rim because  the r a d i a l  ten s io n  b(, (and  hence )
cHx
c  o # •#  K *  0
&  h  « j £ g £ .
L f * ( r - o
Thus we have (2v, z/ 2*
a . #  = f a  r -< l 7
( 2 0 ) l f e f y - 0 *
$  -  * / >  
.  u b n y  f L i  l  ]
F or the o th e r terms SCf4- ' ) *
E'r/ i i
2  f t - 2  
= E l A ^ b W  
^ r - z X m ' - o
rff^dUj, = ^ b j ( ! + x / ) ^  = R>b(^+
For the la s t term In the pseudo-energy equation, we have
and
H ^ O K r
The p seu do -en ergy  eq u a tio n  thus re s o lv e s  i t s e l f  in to
f?*»hl /J 4 x  V  E l^ r ^ " * 1 + h e X ^ t * /  » L V _ E l A 1Hz bI mR> bC4+ fTTafr (zLaXm7-.) 8(A“ W-z zr4 n£i
The exact equ a tio n  to  the d e f le c t io n  curve when the s t r a in in g  
o f the m iddle su r fa c e  i s  n e g le c te d  is
2  = t > ( l + X c f  + p c f + V c f  t o < $ e < y )
where X, f^ a n d y  a re  c o n s ta n ts . This eq u a tio n  was o r i g i n a l ly  
in tended  to be used in  the fo re g o in g  a n a ly s is  bu t the la b o u r  
in v o lv e d  in  e v a lu a t in g  the in t e g r a ls  v/as in s u p e r a b le .
Recourse had th e re fo re  to  be had to  the equ a tio n
2 -  b O - V 2)
w hich , w ith  the constants chosen , was found to  g iv e  the  
d e f le c t io n  a t  any p o in t on the p la t e  to  a good degree  o f  
app ro x im atio n . The t a b le  be low  compares the r e s u lt s  g iv e n  
by  the tru e  and assumed equ ation s
RADIUS.INS DEFLECTION-INS 
(TRUE EQUATION)
DEFIEOTION-INS 
(ASSUMED EQUATION)
0 1 . 000b 1 . 000b
1 0.942b 0.918b
2 0.832b 0.811b
3 0.698b 0.692b
4 0.558b 0.565b
5 0.406b 0.430b
6 0.271b 0.289b
7 0.130b 0.148b
8 • -
(27)
27-46 b +3081  b3 |
B 3 - 3 9 ( b ) + o -5 8 (¥ )5
where p *  p re s s u re ,  l b .  p e r  a q .  in ch  
b * maximum d e f l e c t io n ,  in s .  
h ® th ick n ess  o f p la t e ,  In s .
I t  sh ou ld  be noted  t h a t ,t h is  eq u a tio n  has twg e x p re s s io n s  on 
the l e f t  hand s i d e ,  one b/h  and one in  ( b / h ) ° . The fo rm er o f  
these  re p re se n ts  the bend in g  o f  the p la t e  on the assum ption  o f  
o b ta in in g  a d e v e lo p a b le  s u r fa c e  and the l a t t e r  Is  assumed t o  
take in to  account the s t r a in in g  o f  the m idd le  s u r fa c e .  The 
e q u a t i o n s h o u l d  th e r e fo re  have re p re se n te d  the  
r e la t io n s h ip  between the p re ssu re  and maximum d e f le c t io n  g iv e n  
by  G ra s h o f ’ s th e o ry , f o r  w h ich , how ever, an eq u a tio n  
was a p p r o p r ia t e .  The re aso n  f o r  the d isc re p an c y  was th a t  an 
approxim ate eq u a tio n  f o r  the d e f le c t io n  curve  was assumed w h ich , 
a lth o u gh  I t  a g reed  q u ito  w e l l  w ith  the t h e o r e t ic a l  e q u a t io n ,  
was s t i l l  f a r  from  a ccu ra te  enough to  a p p ly  to  P r e s c o t t ’ s 
m ethod. Aa t h is  eq u a tio n  was chosen as the b e s t  p o s s ib le  t o  
g iv e  a ccu ra te  r e s u l t s  c o n s is te n t  w ith  a re a so n a b le  amount o f  
a r ith m e t ic ,  i t  was c o n s id e red  th at P r e s c o t t ’ s method was not 
s u i t a b le  f o r  the approxim ate s o lu t io n  to  the problem  o f  a 
u n ifo rm ly  load ed  c i r c u la r  p la t e  on a s in g le  c e n t r a l  s u p p o r t .
P re sc o tt  compared h is  a n a ly s is  w ith  some exp e rim en ta l  
r e s u lt s  by P .T .  S t e in t h a l  (1 5 ) on u n ifo rm ly  loaded  c i r c u la r  
p la te s  clamped a t  the e d g e s . He came to  the co n c lu s io n  th at  
h is  a n a ly s is  un derestim ated  the p re ssu re  re q u ire d  to  g iv e  a  
s p e c i f i c  maximum d e f l e c t i o n .  C a rr in g to n  (1 6 ) a ls o  compared  
P r e s c o t t ’ s a n a ly s is  w ith  some exp e rim en ta l r e s u lt s  on the same 
problem  and thought th a t  i t  was' on ly  n ece ssa ry  f o r  the chosen  
d e f le c t io n  eq u a tio n  to  he re a so n a b ly  a ccu ra te  f o r  the method to  
be e f f e c t i v e .  However, f o r  th is  p a r t ic u la r  c a s e , the d e f le c t io n  
curves can be a c c u ra te ly  g iv en  by the eq u a tio n  z *  b (i-c j2)1 
which i s ,  in  f a c t ,  the c o r r e c t  one i f  the s t r a in s  in  the m idd le  
su r fa c e  o f  the p la t e  a re  n e g l i g i b l e .
In  c a lc u la t io n s  on th in  p la t e  p rob lem s, i t  i s  u s u a l to  
assume th a t  the P o is s o n -K irc h h o ff  assum ption is  re a so n a b ly  
accu ra te  f o r  cases in  w hich the maximum d e f le c t io n  i s  le s s  than  
l/ 5 th  o f  the p la t e  th ic k n e s s . In  F i g .  12 maximum d e f le c t io n  
Is  p lo t te d  a g a in s t  p re ssu re  and i t  w i l l  be observed  th a t  f o r  a 
maximum d e f le c t io n  o f  0.0247 in s .  ( ■ l/ 5  o f  the p la t e  t h ic k n e s s ) ,  
the r a t i o  o f  the a c tu a l  p re ssu re  re q u ire d  to  that c a lc u la t e d  
from  G ra s h o f ’ s fo rm u la  i s  about 0 .88  o r about 12$ In  e r r o r .  This  
w i l l  p ro b a b ly  be le s s  than the e r ro r s  due to  ignorance  o f  the  
e la s t i c  constants in  a p r a c t i c a l  p rob lem .
Substituting Xs-I and in  the pseudo-energy equation,
we fin d
(2 8 )

(o
t i i M
The method ot  f in d in g  an a n a ly t ic a l  s o lu t io n ,  o u t lin e d  h ere  I s  
due t o  A .N ad a l (1 7 ) I t  was not intended to  pursue th is  
a n a ly s is  hut m erely  to  su gg e s t  the method a lo n g  which l in o s  a  
s o lu t io n  m ight he o b ta in ed *
The d i f f e r e n t i a l  eq u a tio n  in  p o la r  c o -o rd in a te s  f o r  the  
d e f le c t e d  su r fa c e  o f  a l a t e r a l l y  loaded  p la t e  in  which the lo ad  
i s  not sy m m etrica lly  d i s t r ib u t e d  w ith  re sp e c t  to  the p la t e  cen tre  
may oe proved to  b e t -
1 3 1 + i 9  + J- 3Z V  +  - L ' i ?  + ±
+  x  h V  T * 3 ezA  t  3 *r t 1  3 0 V  J )
w hore P
D
J- *m
E »
U n ifo rm ly  d is t r ib u t e d  load  
f l e x u r a l  r i g i d i t y  o f  p l& to
th ick n ess  o f  p la t e  
P o is s o n 's  R atio  
Young 's M odulus*
E h s m 2
!2 .(rn l - 0
The g e n e ra l  s o lu t io n  o f  I  may be shown to  o f  the form
z  «  z 0 + z,
in  w hiohZois a p a r t ic u la r  s o lu t io n  o f  I  and the s o lu t io n  
o f  the eq u a tio n *  v , v
/ " £ + ± a + ±  2fV?!a + J-  UCar2- ra+ r 1 ae2^ -3 ^  ^ 3r +
The s o lu t io n  to  H i s  in  th e ^ o rm :J .W  J U  i  W + v V  V X  . . .  *  q q
z t =  "Rp + ^  Rn <^ oy n 6  rtx6 III
n = \ n * 1
(2 9 )
In  t h is  l a s t  eq u a tio n   —  a re  fu n c t io n s
o fY *on ly#  S u b s t itu t in g  equ a tio n  111 in  equ a tion  11, an
o rd in a ry  d i f f e r e n t i a l  equ a tio n  i s  ob ta in ed  f o r  each fu n o t io n  
and i s  o f  the f o l lo w in g  k in d :
/  d i '  . I d  __ n f  V  4. -L  —------------------------IV
\d U *  t l f  X  c U 2 T  K t  7
For n  = o f the s o lu t io n  o f  IV  i s  l^>=A0-tBCT2+ C0
” -n ■ 1 , the  " « «  " R|S A,T HOB.'t5*  C, T  1 + 3 > ,^ ^ > 9 e ^  >
_  r t+2 -H + *
71 T X > 1 , the  » « »  .1 T ^ c A / t B ^  + C T  +  3M T I
im ila r  e x p re s s io n s  can be w r it te n  f o r  R©/K| and ‘Rrc and 
s u b s t i t u t in g  in  eq u a tio n  111 a g e n e ra l s o lu t io n  o f  the  
d i f f e r e n t i a l  eq u a tio n  11 i s  o b ta in ed * The oonetan ts
a re  ^Jlen found from  the boundary c o n d it io n s /
I t  shou ld  be noted th a t  the  s o lu t io n  R0 which i s  independent  
o f  Q , re p re s e n ts  sym m etrical bending o f  the  p la t e *
For our p a r t i c u la r  problem  i t  i s  n ecessary  to  d iv id e  
the p la t e  in to  two p a r t s  by the  c o n cen tr ic  c i r c l e  o f  r a d iu s  r,Bn 
p a ss in g  through  the  supports#  The two p o rt io n s  o f  the p la t e  
(t h a t  i s  the p a r t  in s id e  and the p a r t  o u ts id e  th is  c i r c l e  o f  
r a d iu s  "B " j  must then  be t re a te d  s e p a ra te ly  and the two s o lu t io n s  
obta in ed  must a g ree  a t  the  support c i r c l e *
F o r the s o lu t io n  o f  the  in n e r p o r t io n  o f  the p la t e
oO oO
Tl>
z' = - --------------------- Vj
as b e fo re  vrhere R o/R i, ------------------------- a re  L iven  by
equ a tio n s  V# Now, the d e f l e c t i o q ,  s lo p e  and moment s t  the  
cen tre  o f the n la t e  must be f i n i t e  and th e re fo re
c0= i >0 =  C o  - 3>«,’ = o 
c, = o>, = cj = -o
For the s o lu t io n  o f the ou ter p o r t io n  of the o l r t p
11 +  A tlv 'K ,© ---------------------------- VU
(30>
#»!
Hence v/e have to determ ine two constan ts fo r  each term o f equ ation  
VI and fo u r  f o r  each o f equ a tio n  V II*  S ix  equation s a re  n ecessa ry ,  
the f i r s t  f i v e  be ing
z ' - z '  , 9 * '  -  1 2 " ,  * X  =  £ £ .  f o r  r - 3
3 - f
( K \ . Z - » { £  +  A f ? Lr  f f - - ) ] T . R- °
> u -  \  o
Mr and V a re  the bending moment p e rp e n d icu la r  to the ra d iu s  and 
v e r t ic a l  sh earin g  fo rc e  r e s p e c t iv e ly .
The sh earin g  fo rc e  a lo n g  the d iv id in g  c i r c le  i s  continuous  
except a t  the supports where i t  has a d is c o n t in u ity  due to the 
re a c t io n . The sh earin g  fo rc e  due to any one re a c t io n  may be 
rep resen ted  by the s e r ie s
e T  ( x  *  £ » * * )
where i  re p re se n t in g  the number o f the support. The
sh earin g  fo rc e  on the d iv id in g  c i r c le  can then be rep resen ted  by
C O
I I
T h ere fo re  we have as the l a s t  enuation  fo r  the determ ination  o f  
the constants 14. ^
. - o f !  f ^ z ' +  L ^ '  +  L t Y ) \  l = S m \ l + y ^ n e )
T Z +  P  a e i ; Jr = 3  i a r b r 2 T  3 r  P  3 0 1 ' f o g  L -  J
The d e f le c t io n  a t the cen tre  oi a u n ifo rm ly  loaded  c i r c u la r  p la t e  
w ith  fo u r  supports can, however , be c a lc u la te d  by a su p e rp o s it io n  
method. Consider a c i r c u la r  p la t e  w ith  a concen trated  load  "P " on 
a con cen tric  c i r c le  o f  ra d iu s  "B ’1 causing  a d e f le c t io n  "Z^at the 
cen tre  o f  the p la t e .  I t  i s  obv ious that a concen trated  lo ad  "P ” 
a t an y -p o in t on the c i r c le  ra d iu s  "B :’ w i l l  cause the same d e f le c t io n  
1!ZM. Now con side r the same p la t e  w ith  two lo ad s  ,fP/2M on the c i r c le  
o f ra d iu s  ,?B” . Each o f these lo ad s  wri l l  cause a d e f le c t io n  "Z/9J" 
a t the centre  and thus, by su p e rp o s it io n , the t o t a l  d e f le c t io n  w i l l  
a fa in  be ,f Z *T. Furthur i t  w i l l  be seen that no m atter how the t o t a l  
load TtP tf i s  d is t r ib u t e d  round the c i r c le  o f ra d iu s  MB " , the 
d e f le c t io n  W i l l  a lw ays be "Z " .  Thus the c e n tra l d e f le c t io n  in  the  
problem  con sidered  w i l l  be the same as that o f a u n ifo rm ly  loaded  
o la t e  w ith  the t o t a l  o f the fo u r  re a c t io n s  un ifo rm ly  d is t r ib u t e d  
round a c i r c le  o f ra d iu s  equa l to the support ra d iu s . The l a t t e r  
problem  i s  e a s i ly  so lv ed , as i t  f a l l s  w ith in  the scope o f the 
cases o f sym m etrical lo a d in g  f i r s t  in v e s t ig a te d  by P o isson  (see  
h is t o r i c a l  in t ro d u c t io n ).
(31)
The d e f le c t io n  a t  the cen tre  o f  a sim ply supported  
p la te  loaded  w ith  a fo r c e  d is t r ib u t e d  round a c o n cen tr ic  
c i r c le  ra d iu s  "B ” is  e a s i l y  proved to be
_ *P  f - R S> + (Kl- B * X 3 m + 0 ]
2 | 8 r a T t 3 e 0 g e -R +   ^ 2 ( tn k )  j
The d e f le c t io n  a t  the c en tre  o f  a s im ply  supported  
p la te  w ith  a t o t a l  lo ad  u n ifo rm ly  d is t r ib u t e d  is
z  -  "P S 5171+1 ¥38 7 C n x + i
Thus by the s u p e rp o s it io n  o f  these two c a s e s , the d e f le c t io n  
a t the cen tre  o f  p la t e  u n ifo rm ly  loaded  on one s id e  and 
w ith  the same lo a d  d is t r ib u t e d  round a c i r c l e  ra d iu s  *B n 
on the o th er i s
~P f  3 m -H . B z _
2  '  2* ' 2 ' "  S T r D l l T r T  3 " " (n +T  S  ye  R J
In  the experim ents we were about to perform , however, the  
p lane  o f  zero  d e f le c t io n  was taken as th at through  the  
p o in ts  o f  co n tac ts  o f  the supports and p la te  whereas in  
the above i t  i s  through the p e r ip h e ry  o f  the p la t e .  Thus 
i t  was n ecessa ry  to c a lc u la t e  the d e f le c t io n  a t  the c i r c le  
ra d iu s  ,|B'# and s u b t ra c t  t h is  from z* «  zg -  P ro ceed in g  as
b e fo r e ,  the d e f le c t io n  a t  r a d iu s  "B * o f  a s im ply  supported  
p la te  loaded  w ith  a fo rc e  P d is t r ib u t e d  round a c o n cen tric  
r a d iu s  "B " i s  , „ ,
3 8 TO> t  R  2 (_m + i>R J
The d e f le c t io n  a t  ra d iu s  o f  a sim ply supported  p la te  w ith  
a t o t a l  load  "P " u n ifo rm ly  d is t r ib u t e d  i s
^  _  T  S U  _  B 1 3m +l . S w tl. ~gz?
*  8 T f l >  t 8 K *  +  r a + l  ra+ i  8  J
Thus, by su p e rp o s it io n , the d e f le c t io n  a t  ra d iu s  "B " o f  a 
c i r c u la r  p la te  u n ifo rm ly  loaded  on one s id e  and w ith  the  
same lo ad  d is t r ib u t e d  round a c i r c le  ra d iu s  "B 1' on the o ther i
ii = z _  7  r  y 5m H  . 3 Z~  7 m + 3 , l?z_  5 m -5 B *  B
M- 3 -  l  rri+i q. m + i 8  m+i S K 2 K8 TrD
Thus, fo r  a p lane through  the sunports as datum, the  
d e f le c t io n  a t  the cen tre  i s
« [  m +3 . -Bz + 3 m.- 5  3 ^  + 3 Zlo a &^ . ]  
I  t u f t l  +  fn  + l 8 P 1e r fD
I t  w i l l  be n o ticed  that f o r  zero  support ra d iu s  the above  
e x p re s s io n  is  f o r  a u n ifo rm ly  loaded  c i r c u la r  p la te  w ith  
a s in g le  c e n t r a l  su pport and o b v io u s ly  e q u a ls  ze ro .
(32 )
Case o f  l ou r Supports E q u id is ta n t  from  th e  Centre  (C i r c u la r  'P la te *  
( i i )  E xperim en ta l work
I t  was d ao ld ed  t o  c a r r y  out experim ents on a u n ifo rm ly  
loaded  c i r c u l a r  p la t s  on fo u r  su pp o rts  e q u id is t a n t  from  the  
c e n tre *  Knowledge o f  the s t r e s s e s  and d e f le c t io n s  in  p la t e s  
su b je c te d  to  t h i s  system  o f  lo a d in g  I s  o f  im portance in  the  
d e s ig n  o f  such  s t ru c tu re s  as w a te r to w e rs *  I t  was observed  
th a t  the system  was one h av in g  a s in g le  redundancy b u t  th a t *  
from  symmetry, the fo r c e s  in  the fo u r  su p p o rts  would be e q u a l  
i f  each  o f  the l a t t e r  had the same le n g th *  I t  was c o n s id e re d  
th a t  as the p la t e  was much I s a s  s t i f f  than th e  s u p p o r ts ,  any  
n o n -e q u a lity  o f  lo a d  in  tha su pp o rts  due to  d i f f e r e n c e s  o f  " l i t "  
would be e q u a lis e d  by  d e f le o t lo n s  o f  the p la t e  in  the d i r e c t io n  
o f  the la c k  o f  " f i t " *
As in  the p rev io u s  e xp e rim en ts , the measurement o f  the  
d e f le c t io n s  was c a r r ie d  out by  the use o f  d i a l  gauges an d , to  
f a c i l i t a t e  t h i s ,  the  p la t e  was d iv id e d  up a t  in t e r v a ls  o f  one 
in ch  by  means o f  p e n c i l  l i n e s *  In  o rd e r  to  a s c e r t a in  the  
d e f le c t io n  a t  a p o in t ,  the two gauges were f i r s t  p la c ed  a t  two  
d ia m e t r ic a l ly  o p p o s ite  p o in ts  on the p l a t e ,  wh ch from  symmetry 
sh ou ld  g iv e  the iama d e f l e c t i o n ,  and the d i a l  gauges a d ju s te d  to  
read  a e ro *  The app a ra tu s  had p r e v io u s ly  been  s e t  up w ith  a  
sm a ll head o f  w a te r  to  ensu re  th a t any tendency to  s la c k n e s s  o f  
any o f  the p a r ts  had been  taken  up* Load was then a p p l ie d  by  
increm ents o f  10 erne, up to  50 cine, o f  w a te r ,  and re a d in g s  ta k e n ,  
each  increm ent o f  head b e in g  found to  produoe the same d e f le c t io n  
a t  a p o in t *  The lo a d  was then d ec reased  to  the o r i g i n a l  v a lu e  
and in  e v e ry  e sse  the re a d in g s  o f  the d i a l  gauges were found  to  
re tu rn  to  z e ro  show ing th a t  no movement o f  the app a ra tu s  had 
o c c u rre d *  I
I t  was d ec id ed  to  c a lc u la t e  the d e f le c t io n s  end s t r e s s e s  
in  the p la t e  in  each  o f  fo u r  cases in  which the su pp o rts  were  
p laced  a t  r a d i i  o f  7 ,6 ,5  and 4 in s *  on the 8 in *  r a d iu s  p l a t e ,  
i t  b e in g  c o n s id e red  th a t  t h is  range w ould  c o v e r  most o f  the  
problem s to  be met w ith in  s t r u c t u r a l  d e s ig n *  In  o rd e r  to  
c a lc u la t e  the s t r e s s e s  from  the d e f l e c t io n s ,  the f o l lo w in g  method 
was u sed * Th is method i s  due t o  D r*B *C *Law s( 10 ) and was 
o r i g i n a l l y  d eve lop ed  f o r  an a n a ly s is  o f  the bending s t r e s s e s  in  
u n ifo rm ly  lo ad ed  r e c t a n g u la r  p la to s  clam ped a t  the e d g e s *
C o n s id e r the e q u a t io n  o f  the p la t e  s u r fa c e  a f t e r  bend in g  
aa z  = f (x ^ J w i t h  the u s u a l n o ta t io n *  In  e lem entary  c o -o rd in a te  
geom etry o f  th re e  d im en s ion s , i t  i s  w e l l  known th a t  the e q u a t io n  
to  the tangen t p lane  a t  a p o in t ,  ( x 'q ’ zO on the s u r fa c e  i s
* . * ■ .  ( * - * ■ >
and the e q u a t io n *  o f  the norm al a t  the p o in t  ( ol1, f  z ' ) a re
( b c - o t ' ) +  ^ ( z -  z . ' )  =  o
D 4 % ( z “ 2 ' ) “ a
( 5 3 )
Now, l e t  (<*, ) be any po in t on the norm al and ( o c ^ z  ) be
the po in t where the norm al meets the su r fa c e  o f  the p la t e  and 
we have
U - o c ) +  % 0 r - z ) - O
( & - 1 )  +
Now, I f  the po in t &  Y ) a ls o  l i e s  on another norm al to the  
p la te  s u r fa c e ,  the d i f f e r e n t i a l s  o f these l a s t  two equations  
must eq u a l z e ro . T h ere fo re  we have
* * ♦  £ « . *
«na A -j *  |  «  = ( » - * ) ■ *  ( f e )
E lim in a t in g  ^ - z  from  these  la s t  two e q u a t io n s , we have
- L H *  ti, t e ®2x. w  v 3 x
? ?  =  fc a n d  %
3 *  r  M
( d a c +  b < i - z )  c L e ^ , =  < y d - z . ) c p > .
or c a l l in g  ^   jo and :=rj = +  f o r  convenience
I t  is  w e l l  known that
Oxd z  =  9 z . f l ( o c +
3 x  •
d  ( 9 * ' )  -  /3 t e ctoc +  . c U
I - a te  o » o j  «3 sc/ a x 1 3*.3tf
9 z  'S =  9 * Z  otocF 
9 t / '  9 o c 3 ^  9 ^
9xz  -  a ® !?  = t
or c a l l in g  3x 3 u ~  > 9'/*'
o (z  = jo dac +
ddp »  -r ctoc +  /icLY
= A d o c  +  t X j -
S u b s t itu t in g  these  va lu es  in  equation  I  and r e -a r r a n g in g ,  we 
ob ta in  a qu ad ra tic  equ ation  in  which g iv e s  the p ro je c t io n s  
o f  the two d ire c t io n s  on the p lane z = 0 ( i . e .  the xy p la n e )  
in  which con secu tive  norm als can be drawn so as to  in t e r s e c t
the g iven  norm al. In  other w ords , the d i f f e r e n t i a l  equation
o f the p ro je c t io n  on the xy p lane  o f the in d ica tJ n x  o f  the  
su r fa c e  a t  (o c ,^ ,z  )
CaocX [  T ] + /’2) - + 0+ t ) } +/4( '+  \ A ~ h <yr =  o —
In  the experim ents c a r r ie d  ou t, the d e f le c t io n s  were sm a ll and 
c o n s e q u e n t ly ^ * ^  ) and cy ( * 9z ) were s m a ll,  powers and
multiples of these being negligible#
^  <^ 0 + A  =  o
or _  t-T ±J(t-r)l+ +P _ J J J
cioc Z/6
Equation III gives the directions of the principal axes 
et the point (sc^z ) on the plate surface.
For the principal radii of curvature, we use the equations
d o o f  jb c t z =  ( j - z ) d p  
dba+cfrcLz - Q S -z )d q .  
and substitute the values doc, cU/ and cLz given above. We 
find that
[/+ jb1-  (y-z)+jct»+ {j><^  = o
j / + p -  (2 f - z ) i } < t y i - [ l :> f — (Z -z )/4$o(>3c=o  
Eliminating cOx and cCa between these two equations we find
E q u a t io n  I I  th e n  b e co m es
/V
The projection of the radius of curvature on the axis of 
is J-Z and the cosino of the angle between the radius of 
curvature and normal being 1 the radius of curvature
   V T T ^ T p -
P is Cy-z From this we substitute the
value of y-z so obtained in equation IV to obtain
P * ( r t - p ) - p [ 0 + ^ T - 2 f a A + ( i +  P+  0 - f  f V ^ ) = o  1
Now, as stated in the foregoing, we may neglect powers and 
multiples of j=> and • Thus we obtain
p 2( - r t  - 4 * )  - p f r + 1 )  +1 =  O -------------------------------------------------------------------W
or P, — V+ fci / far
_  T+t±\ly-ty-+ k-A __________________________________ yjj
At points on the plate surface where the x  co-ordinate is 
equal to the ^ co-ordinate, t and “t will, from symmetry, 
be equal and equation VII resolves into
I I
:—  crv 7—
t-f-A
Also, at points along the axes of oc and V , A will be zero 
and we have ®
P =  —  crT ±
n,2. t  t
( 3 5 )
Having found the principal radii of curvature, the 
principal stresses can he found from the equations
k  =  m E ^  / i f  i n ' )  
2 (m' - 0  . 6
*  - r n E ^ m )  
i ( m * = n ^ P *  w
The problem of finding the stresses in the bent plate 
thus resolved itself into finding values of 92 z/9ocl 
9*z|9^x sndJ^l^^rom the deflection curves* The
finite difference equation used by Dr* Laws for this 
purpose was not found to bo so satisfactory in use aa 
Stirling1s equation and the latter was therefore used for 
the calculation of the differential coefficients* As before 
Stirlings equation is
Q* = i  /AZo+^2_( _ J_ A3Z.,+A32-Z+-L. AS2.i+A5Z.3  ^2oc t i   ^ 6  p. 3o £ J
where £
and A, A?, A*&e 
of differences*
spacing of the valuea of -
terms of the first, third, fifth,&oorder 
In Uie calculation of /Pzend
9ocx 9 /  9 o c 9 ^
using the above formula, it was first thought that the 
first two terms in the equation would be sufficient to give 
good results • How^  from the symmetry or the system, 3*x
at a point (o,b) should equal point (b,a)
and these were found to be only roughly equal* The values 
were then recalculated using the first three terms in 
Stirling1* formula and the corresponding values of 
were found to agree In moat cases to within 1>* It 
sho Id be noted that this isApertlsl check on the 
arithmetic which latter gets very laborious, The calculation 
of the values of the differential coefficients at the ends 
of the columns of differences were, as before, calculated 
by extrapolating the deflection curves*
It was noticed that, by reason of its symmetry, the 
form of the deflected piste could be div'ded into eight 
octants each *of which would have the seme deflected form 
and hence stress distribution* This greatly facilitated 
the calculation of the stresses* The axes were chosen
C^ se of tour Supports Equidistant fyoo the icntro (Circular
1. Supports at 7" radius (a of radius of plat.)
Numerical values of deflection are given below in Table 8  , 
graphs of deflection being plotted in Figure 13* Iso-
deflection curves are also plotted in Figure 14.
Table 8
Values of Reflection Z for various values of*- «nA.A._g 
.up -ort radius 7 inc..
Total Lear * 100 lb. (30 eras, head of water)
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iW.3.
_  VI—
It will be noted that, from symmetrv the vertical columns of 
deflection for a given value of w y " are the same as the 
horizontal for a same value HX M. Some of the values are 
imaginery (e.g. » 1  in, * 8  ins), and have been found by 
extrapolation to enable the differential coefficients at the 
ends of the columns of differences to be calculated*
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Using the calculus of finite differences 
yz were obtained for specific points 
plate
once more, values of 
on the surface of the
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9 2 ^ 7From the values of ^  (Table 9), the values of 9 ^  over the
deflected surface of the plate were obtained, 
are given below in Tablo 11
The values of 2—
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Q2z  Q 2zThus. having found values of B:id 9x3J (denoted by
t.+ and <6 respectively) o er the whole surface of the deflected 
plate, the principal radii of curvature wero calculated and 
hence the principal streeaea found. Values of maxima principal 
stress are given below In Table 12.
T a b l e, .12
Values of Mytfwyi Prinainal Stress for various valuea of oc «nd jfa 
Support radius 7 Ins
Total Load • 100 lb. (SO cos. head of water)
oc~l 
i m Y•OI'iS
_
•UN
~  y ' "
•2 INS
f
■3INS
~ Y “
■4 INS
T~*
•SINS • 6  INS
Y
•7 INS
i•SINS
0 1525 1242 1244 1470 1 1 1 2 880 1043 1670 3366
l 1242 1380 1183 1236 1313 1844 2650 3480 30632 1244 1183 1430 1602 1906 3000 4185 2170
3 1470 1236 1602 2306 2525 0 2 1 0 1161 -1223
4 1 1 1 2 1313 1906 2325 -3340 -1080 1380 2192
5 880 1844 3000 6210 -1880 -5450 -2965
6 1043 2630 4185 1161 1380 -2965
7 1670 3480 2170 -1223 2192
8 3366 3063
Case of Four Supports Bkiuidistant from the Centro (Circular
a u E
2 . supports at 6 ins. r> dius (ff of the radius of plate)*
The procedure in this case was exactly the same as for I 
(supports at 7 ins. r adius)* From the "smoothed-out” 
deflection diagrams the results given below in f  -able 13 no re 
obtained. Curves of deflection are plotted in igures 1$ and 
16 and iso-deflection curves in Figure 17*
Values of Deflection for various values of x  and M -  d port
Sa<n.u8 v r . --------------------------------------------------------------------------------------------------- 3 -----------------—
X
XU wet.J
— Y “ " ■ f- — J— 1 csio • nei aa 0 1  w T —.aSSSXr- ~  i 1INS. -GINS. -UN. -2IN0 -3 INS -+INS -5 INS -61NS - 7 i -ana
0 .00+* .00+2 .0038 .003+ . 0 0 3 1 .0028
----a----1
. 028 . .2  i .0 0 5 I
1 .00+2 .00+0 . OCJS .0031% . 0 0 2 7 .0025 .0025 . a : .0 0 3*
2 .0038 .0036 .0032 .0028 .002+ .0021 .0020 . 2 3 % I
3 .003+ .OO3 I5 .0028 .0019 .0010 .OOO6 5 . X06% . ! j.Il 1 14 .0031 .0027 .002+ .0010 .0 0 0 3 - .0 0 0 2 -.0002% ♦ftoocjj 1
i Sb .0028 .0025 .0021 .0006% -.0002 k.0007 -.0009b .0028 .0025 .0020 .0006%-.0002%-.0009 1 BHII7
8
. 0 0 3 2
.0037
.0028
.003+
. 0 0 2 3 5 .OOII5 .OOOO5 I I
From the above, and using the Calculus of Finite 
Differences the following Table 14, giving the lopes ( )
of the plate for specific values of abscissa and ordinate, was obtained•
( 4 2 )
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From Table 14 end again using the Calculus of Finite Differences 
for the elopes of the 2? curvest the following values of 3 l 2
3aover the plate surface were obtained* 
tabulated in Table 15* These values are
tO
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It should be noted that, as in the oaaa of support radius 7 Ins, 
the values of^foxcan be obtained from an inspection  ^of Table 15, 
since, from the symmetry of the plate, the value of *
point (a,b) will be the same as that of 31z^nt a point (b,a)
1 rora the values of ^  (table 13), the values of 3**/9oi3y
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Having found values of fo'fy hoc and /30cj(a«oted by 
t,r and s respectively) over the whole of the deflected plate, 
values of the principal radii of curvature were found and 
substituted to give values of the principal stresses. Values 
of maximum principal stress are given below in Table 17®
B Mjq Z t
Values of Maximum Principal Etresa for vahous v lues ofoc and ^
Total Load
m m a L  ____
100 lb. (}0 cms. head of water)*
X
INS*
Y
»0INS* Ia in
_ _
Y&INS. ~ ~ T ~■+INS T " — f■SIN£
0
1
2
3
+
5
6
7
8
992
911
81+
57+
+35
-525
-59+
785
911
606
+32
5+8
8 3 0
928
958
6 5 6
683 I 633
81+
+32
1072
1093
1265
1233
87 2
837
57+ 
5+8 
1093 
770 
- 1 2 3 + 
-1273 
- 8 0 5  
—+ 0 +
+35
8 3 0
1265
-123+
-1082
-1 3 6 2
-1+72
-1199
-525
92 8
1233
•1273
•1362
-826
•13+8
-59+
958
872
—6 0 5
*1+72
-1 3 + 8
78 5  
6 5 6  
337 
—+ 0 +
-1199
!
683
633
%
e
( + 6 )
Case of Four Supports bQuldjsfeant from the Centre (Circular 
S. Supports et 5" radluB (£* of the aupport .rpd.iafiJ.
She procedure was exactly the same os before. from the 
"Smoothed -  out" deflection diagrams, the following deflections 
were obtained -  Table 18, Deflection curves are plotted in 
Figures 18 and 19 and lao-deflection curves in Figure 20.
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From Table 18, the value# of the slopes ay were found for tiki* 
whole deflected plate surface and tebulated In Table 19#
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Differentiating again with respect to y , 
obtained - Table 20*
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Values of ?!$ were found in the usual manner from the table of §5 
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7alues of Maximum P rin c ip a l S tre ss  f o r  v a rio u s  va lu e s  ol x a n d  3 
SttPPori fiadlue 5 In s .
T o ta l Load -  100 l b .  (JOcms. bead of w a te r)
T a b le  2 2 .
X ----- w—-  - y -------- r - ¥ Y Y
INS, 8 o - I I N ■2 INS -3INS -4  INS -5INS -6XNS -7  INS -3XNS ‘
0 781 456 1637 2606 1195 654 -800 - 1 9 1 0 -2G67
1 456 1010 730 -920 -1412 - 2 5 2 0 - 1 2 5 0 - 1 1 0 3 -1317
2 1637 730 -1540 -3360 -2720 -1888 -780 -575
3 2606 -920 -3360 -2855 -1672 -1195 -1482 -1043
4 1195 -1412 -2720 -1672 -990 -1635 - 9 7 8 —1685
5 654 -2520 -1888 -1195 -1635 -1655 -1510 ’ -7 **>
6 —800 -1250 -780 -1482 -978 -1510
• ' -
7 -1910 -1103 -575 -1043 -1685
8 -2667 -1317
For the ease of 5 in a .  support ra d iu s , va lu e s o f  and 
hence the d ire c t io n s  o f the p r in c ip a l s tre sse s  a t a p o in ts  
have been ca lcu la te d  and are g iven  below in  Table 23*
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ttaaa.j>i i.oar.iamparf t^uidi stent Jroa th« Centre fcii^uiar pi.t.i 
*• Sttfigflrta at . 4 ina  radian <4 <rf r « U ia i  a t  e la te )
Froceeding «lo n g  tho noon lin e n  ns b e fo re , the fo llo w in g
va lues of deflectio n  wore obtained -  Table  24. D e fle c tio n
ourvoo ere p lo tte d  In  F ig u re  21 and ia o -d e fla c t io n  ourvae la  
F iiju rs  22*
Table 2*
^ ^ ^ C^ fa.entlaa 2 tmr fnl—  u *" - u ^ o r t
Total Lead »  100 lb. (30 ome, head of water)
X T I T T Y T Y Y Y
♦■■ka-....-. -3INS *4185 *CX3B **6 INS *71SS
0 -.0038 -.0038 -.0029 -.0017 .0003 •0026 .0061 .0079
—•§££! 
.0133X -.0038 -.0034 - .0027' -«eel8g .OOOSg •0027 .OOSI3 .0079 •0233
B| -.0029 -.0027 -.0019 -.0008 .0010 #0026 .0081. .0079
3 -.0017 -•0Q14g -.0008 .OOOSg • 0 0 1 0 *0030 .«> .00794 .0003 .OOOSg •0010 .0015 .0080 #M9»I *OO07g .0080
5 .0023 .0027 .0028 .0030 .0038$ *0060 •0070
4 .0001 .OO6I 3 .OOSlg .OOSlg •0067g
.0080
*0070
71 .0079 .0079 .0079 .00798 .0113 .0113
«* deflection 2# the following values of 2^ worn ealeulated -  Table 2 0 . 5 a
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/Total Load • 100 lb  (30 eoe. bead o f w etar,
Tfcble LB  •
X
•CiTii* I, .......
X X I
.<*61111
Xmfim Y
0 -11 JO -1116 -1464 -1680 -1216 -728 *781 -79§
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case of Four Supporta Equidistant from the Centre (Circular Plata)
i r n i  £sm Q a a ls s s .
1. Defleotlona
Having found the deflected form of the Plate for each of 
toe four value# of support radius considered (i.e. 4,5,6 and 
7 Ins.), i t  was next decided to examine the values of d e fle c t io n  | 
in  each case with a view to finding the support radius for 
minimum d e fle c t io n  * It was seen that the maximum deflection waa 
obtained at the centre for support radii of 6” and 7* and a t to# 
edge of the plate for support radii of 4” and 5”. For a support 
radius of 4* the maximum deflection occurred on a diameter at 45° 
and for a support radius of 5" on a diameter at 0° to a diameter 
through two opposite supports. Values of central and edge 
deflections are given below in  Table 29, and are plotted against
Fig.23.
plat© redlus
It was observed that for the case o f sero  support radius, 
the four supports were c o -in c id e n t a t  the plate centre and the 
problem resolved to that of a s in g le  central support which was 
investigated earlier. The edge d e fle c tio n  in  th is  case, was,of 
course, constant.
Total Load * 100 lb* ( 3 0 c m « head o f  water)*
S T O W
RADIOS
INS*
'liM'Hfc!"
DEFLECTION
IN S .
H a w T S H E c n r a r 'tb t -
A DIAMETER AT 45°
1 m ig 'T ig g r  ( g r a r  <ar—
A DIAMETER AT 0° TO 
SUPPORT DIAMETER 
IN S . . ____________
TO SUPPORT DIMUSTER
IH S . ..................... . .....
0 0 0*0084* 0.0334 -
4 •0.0030 o . o n s . o .o o 7 eB
5 -O .O O llg 0.00575 0.0080 *
6 0.0044* 0.0057 -0.0009
7 0.0137* 0.0066 •0.0070
* I Maximum deflection.
(58)

From Fig. 23 it was seen that the centre and edge deflection 
curves Intersected at a point where the support radius was 0.7 
of the plate radius and that a minimum value of deflection was 
found at this point. It was seen, therefore, that to obtain 
a minimum value of deflection, the supports should be ap? xnged 
to make the centre and the edge deflections equal on diameters 
at 0 and 45 to the support diameters, and that this 
condition was reached when the support radius was approximately
0 .7  of the plate radius.
The above sketch shows & condition for minimum value of 
maximum deflection of the plate, points A, B and C having the 
same value of deflection.
It was thus seen that by placing the supports at a radius of 0.7 
of the support radius* the maximum deflection of the plate was 
.0 0 2 0  ins. or about of the value for a circular plafro with 
a single central support under the same total loaf.
It was proved earlier that the deflection t the centre of 
a uniformly loaded circular plate on four supports equidistant 
from the centre is given by the expression
z= T_/ m+3 B-2 t 3m-s Ml + Bz*oq £")
8 7 0 3  W + l  If m +t 8 K Z ^ 5e'R y
» 00007856 (p-3&nfB? +oooz34-6B‘t 4 3 1  £oge® *)
8
for the plate problem considered. The deflections for 
support radii "3 " of 4, 5, 6 and 7 ins. were calculated from 
this equation and compared with the measured values in fable 50.
( 59)
Comparison of Measured and Theoretical Centre Deflections for a 
uniformly loaded circular plate on four supporbsV
Total Load * 100 lb* (30 cms. bead of water).
#
T a b l e  3 0 *
SBFPBBI fiSBIUS
INS.
'■ r a s u r a n y f ip r ro n c jR '
INS.
flAECBECfffl BSTrafflSW
INS.
4 -0.00380 - 0 .0 0 3 6 9
5 -0.00115 -0.00096
6 0.00440 0.00450
7 0.01370 0.01323
The measured and calculated deflections were plotted against 
support radius in Fig* 23» from which it was seen that there 
was very good agreement. For a support radius of 0.7 of the 
plate radius (the minimum deflection case), the calculated 
deflection was 0.0019$ ins. as compared with 0*00200 ins* 
.measured deflection* It was thus seen that for support radii 
of 0*7 * 1*0 of the plate radius, the maximum deflection o f the 
plate occurred at the centre and could be calculated to a close 
degree of approximation from the formula given* For the 
supports on the periphery, the logarithmio term in the 
expression vanishes and we hare as the expression for the 
central deflections
6if1CD V frvH /
2. Stresses.
Maximum values of maximum principal stress for the support 
radii considered, are given below in Table 31* As before, 
when the support radius is zero, the problem resolved itself to 
that of a uniformly loaded circular plate with a single central 
support*
Table 31*
Variation of Maximum Values of Maximum Principal Stress with 
Support fiadius for a uniformly loaded Circular flste on Four 
u^pp'ortsT
Total Load » 100 lb. (30 cms. head of water).
SBPFOftf TTAIi IBS w r r r a j B  05 p r l i o t a i
INS. STRESS. LB. PER Sft. IN.
4 1852
5 3360
6 1472
7 6210
(60)
A graph of maximum value s of maximum principal stress is 
plotted in Fig. 24. From this it was seen that the curve? 
had a minimum value at a position where the support radius 
was about 0.72 of tbe support radius. Tbere mm another 
minimum value between the values of this fraction of 0 ~ #5
but this was not investigated, as it was considered that most 
practical plate problems bad a support radius limited to 0*5 -  
1.0 of the plate radius for various reasons. It appeared 
therefore that minimum stress and deflection were obtained for 
support radius of about 0.7# It was seen from the curves 
plate radius
that it was only necessary to increase or decrease this 
fraction slightly for the stresses and deflections to be 
greatly increased.
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(a )  P re lim in a ry  C a lib ra t io n  of Apparatus*
as i t  mas intended to use the same apparatus as bef o re , 
i t  mas thought th a t tro u b le  might occur due to  te s tin g  a square 
p la te  on a c ir c u la r  rubber diaphragm beeause the corners o f the 
square p la te  mould be nearer the edge o f the pressure box than 
the centres o f  the p la te  sides* I t  was thus a n tic ip a te d  th a t 
bu lg in g  o f the rubber might occur on loading  the p la te  and th at 
the c a lib ra t io n  o f the manometer might v a ry  in  consequence*
I t  was th e re fo re  decided to  re -e a lib ra te  the manometer and to  
in ve s tig a te  th is  p o s s ib i l it y *
The square p la te  to  be tested was o f the same m a te ria l
as the c i r c u la r  one, being 11 ins* x 11 ins* z  i  " thick* I t
was placed o e n t ra l ly  on the rubber diaphragm and loaded b y 
standard weights in  increm ents o f 10 lb* up to  a maximum o f 
$0 lb* The i n i t i a l  load was 20 lb* Two p o s it io n s  o f the 
p la te  r e la t iv e  to the rubber were tested
plaHe.
ro Mxr d« a. pHrw.^  m.
V I I *  E x p e r im e n t a l  W ork  -  S q u a r e  P l a t e
Section  through Centre o f P la te  Side
t o t  ■
LB. -
1 mr/i) t h c r m s t
CHS.
20 3.9 3.9
30 7.6 3.7
40 U . 3 3.7
50 15.0 3.7
40 U . 3 3.7
30 7.6 3.7
20 3 .8 3.8
S S S 2 -2  r i*h ».
t  —  r u b b e r  d i A p h r ^ ^ m .
ection through Centre of Plate .ide
n s n r .....
LB.
-  ”  H H O T
OHS,
■'"HMD I N S W I
OHS.
20 3.85 3.85
30 7.65 3.80
40 U .5 0 3.85
50 15.30 3.80
40 11.45 3.85
30 7 .6 5 3.80
20 3.85 3.85
( 6 2 )
From tbese two experiments it was observed th a t the 
calibration factor was somewhat dependent upon the relative 
positions of rubber diaphragm and plate. However, in the 
second case (top of plate 0*2ome. above top of rubber) i t  was 
seen that a linear law connecting load on plate snd head of 
water resulted; a load of 10 lb. on the plate causing an 
increase in bead of 3.85cms. ot water. It was concluded that 
good results would be obtained if the plate was placed in this 
position for the purpose of the experiments, and this wan done.
The effect of introducing air between the rubber 
diaphragm and water level was not investigated * gain, as its 
effect was found to be so mall in the previous calibration.
(63)
9t u g   S t u a r t  » S a w :#  i i a t i t
The apparatus was set up as in previous experiments with 
a small head of water to ensure that any slackness in parts of 
ths apparatus was taken up. Care was taken to ensure that 
the relative position of plats and rubber diaphragm was ths 
most suitable, this being obtained when the top surface of the 
plate was about Emm# above the top surface of the rubber# To 
facilitate the positioning of the dial gauges, ths plats was 
marked into squares of 1 inch side by means of pencil lines#
A head of 30*ms# of water was then applied bp increments 
of looms# and readings of deflection observed by means of the 
dial gauges at points on the plate at intervals of 1 inch#
It was observed that head of water and deflection at a point 
were connected by a linear law.
A table of deflections is given below in Table 32.
Graphs of deflection are plotted in Figure 2b and iso-deflection 
curves in Figure 20.
Table 32
.TqVH M . f t f  x  M r t-U ., ,r. . . In te l#Central Support.
Total Load » 78 lb. (3 oris, head oi water;
X --------r ~ ------- -Y--1...— r ... ...TT“ ----- T
INS *sQ#5lJi$ j . i i , , _4.&i«w
0.5 .001# #0041 .0101 .0174 .0237 .0282
1#S .0041 #0061 .0123 .0192 .0240 .03092.5 .0101 •0123 .0170 •0230 .0897 .0338
3.5 .0174 #0192 .0230 .0280 .0335 .0364
4.5 .0237 #02 00 .0 2 9 7 .0 3 3 5 • 0368 .0 3 8 4
5.5 .0 2 8 2 # 0 3 0 9 .0 3 3 8 .0 3 4 4 .0 3 8 4 .0 3 9 4
Using the Celoulus of Finite Differenoee, the following 
Table 33 of 'dz values were calculated.
( « d ;

-------------
 - -
Values of 5a forvurioua values of ^ and  ^ -  Sinaia Central
Sak82El*
Tetel Load m 78 lb. (30 SH. head of water}
T a b 1 .  S 3
9?
X
■ -... .
T —
®2.5iSS
---- -f----
S3.8IIIS
---- 7 ----
•4.61N5
T“
•6.616S
0.5
1.5 
2*5
3.5
4.5
5.5
.001347
.001135
.001045
.000863
.001235
.001633
*004882
.004208
.003330
.002848
.003196
.003096
.007023
.006612
.005480
.004502
.003980
.002782
.007065
.007128
.006745
.005643
.003720
*002370
.004547
.006013
.005675
.004348
.002428
.001488
.003637
.003870
.003322
.002130
.000947
.000677
Differentiating again by the Calculus of Finite Differences, 
the following value* of in Table 34 >«ri obtained.
TaImm ai 2aED,*r..y.ari,m.y(aiw> m -  filMflt fiaateil-Uli-Ort. f v#
Total Load * 7 8  lb. (30 owe. head of water)
ac
138
' Y 
«C.51^
t
•1.81NS
-----
-3.aINS t-5.31SS
0.5
1*5
8.5
3.5
4.5
5.5
.003157
.002613
.008283
.001880
.002376
.002761
.002967
.003038
.002310
.001873
.001409
.000337
.001430
.001640
.001806
.001623
.000251
-.000483
-.001671 
-.000364 
.000126 
.000003 
-.000640 
-.00062®
-.002007
-.001868
-.002186
-.002233
-.001576
-.000950
-.000623
-.001661
-.001613
-.001433
—.001067
-.000566
Fro* Table 33 the following values of 215 waro oaleulated end 
are given in Table 35.
( € 6 )
a1?
. .--Die 38
at 3x^  tnr Utslsm Uiim SCJLauU -  -««w*is Cantral
oc T
. . .  . .
------- y
W -
“T —
. . . .
~¥— Y
0.8
1.8
E.e
3.8
4.8
8.8
-.000896
-.000272
-.000186
.000078
.001148
•000318
-.000278
-.000612
-.000682
-.000096
.000761
.000001
-.000186
■6 §QO()S££ •000078-.000096
-.000666
-.001650
-.001642
-.001380
.001146
.000741
-.000996
-.001668
-.001948
-.000748
.000318
•OOOQQl
-.001197 
- . OOOftftA
-.000966
-.001380
-.000748
-.000044
-.000996
-.000964
3*"z 3 r zValues of 3 ^  ax1  «nd 3 x3 y wr* thus obtained at inoreaents of 
1 inch orsr the whole plate. Substituting la the given 
equations, the principal radii of curvature and henoe the 
principal stresses were obtained* Maximum principal stresses 
are tabulated below in fable 3d.
g a f a l i B f i
y . i « .  *# Primalual Stress far Various values rf x  —a «
I t e W l sB T F P H H S I f P R K P
T o ta l lead »  76 l b .  (SOems. head of water)
X f
.
1 f  
»2.CI3S
— T
------ f -----
0 . 8
1 . 8
£.3
3.6
4.6 
6 . 8
•8,640
-7,640
-6,428
•2,786
-3,290
- 6 , 0 0 0
-7,640
-6,680
-4,280
-3,800
3,400
3,860
-8,488
-6,880
-6,360
-3,700
6,660
6 , 8 8 6
-8,786
-3,800
-3,700
—2,368
4,660
4,440
-3,290  
♦3, 400
4.660
6.660 
6,610 
3,660
-6 ,000
3,560
4,286
4.640
3.640 
1,406
(d«)
e£ Ism MmKJHit—i  ifrQa t h e  Centre t S a u a r e
I
.'v.l .i , . J-. ,, ,-V ‘,.
1. SttBBorte et (4£".*4r»i
Defleetion values are given below in Table 37, deflection curves 
being plotted in figure 27 and iso-deflaotion ourves in figure 28.
m^Mrn I V
TU T lM M I  Tftl u « «  o f  x  * a d  ^  - Sucnnrf
Total Load m 78 lb. (30eas* head of water}
DC
•
Y Y Y Y Y Y
0 #6  
1 . 3
£ « 5
•0 2 8 3 0
.O S d d ^
.0 2 2 9
*0 2 4 4 $
*0 2 3 4
♦ r a i d
.0 2 2 9
.0 2 1 6
.0 1 9 0 0
•C 20 8
.0 1 9 2
.0 1 6 0
.0 1 8 6
.0 1 6 6
.0 1 2 8
.0 1 6 8
*0 1 4 8
.0 1 0 0 5
3 * 5
4 * 3
.0 2 0 6
.0 1 6 4
*0 1 9 2
•0 1 4 6
.0 1 6 0
.0 1 2 8
.0 1 1 8
.0 0 7 1
.0 0 7 1
0
.0 0 2 7
-.006lfi
3 . 3 .0 1 6 8 •0 1 4 6 .0 1 0 0 0 .0 0 2 3 -.00610 -.01420
Value* of ^  oaleulated from Table 37 are given below in 
Table 38. 3y
Table 38
9z
Total Load * 78 lb. (3ooaa. head of water)
oc-
JLiw.
T ----------Y“...
•1.818$
--------- T ------------
. . . . .. I
“T------ ”  T-------------
0.6
l . e
2.8
3.8
4.8 
6.6
-.000476
-.000888
-.000624
- . 0 0 0 7 6 0
-.000863
-.000708
-.001271
-.001464
-.001980
-.002463
-.008781
-.003114
-.001688
-.002130
-.002925
-.003766
-.004740
-.006171
-.002386
-.002648
-.003193
-.004841
-.006711
-.006361
-.002194
-.002238
-.002991
-.004403
-.004829
-.009248
-.001473 
-.001498 
*•00 £.634 
*•004301 
•*•003790 
-.003254
(6 7  j
+ + p i i
M S I

VfcJLueg
a2s- 
a y 2-
F a b l e  39
for Various values *f ^  -a*  ^ -  y» fimrtll
R ^ l i l a n  i i i " . A  A
Total Load » 78 lb* (DO oma* head of water/
X
•1 < i —# •
T 
-■ .
q
*
ry
*
T "
*
0*5
1 e %J
£*5
3* S 
4*3
5*5
• #000910 
"-•000895 
- .0 0 1  iJttfi
- *001625
— *001630 
-*001717
-.0UQ7C2
-♦000747
-.001236
-.001672
-.001914
-•002945
- *000591 
. . .
-*000609
-.0vlC7>
-•002164
745
- *000HU 
.000086 
•000022  
-*000087 
•001153 
.002004
.000458
.000646
.000314
.000127
.000729
.001673
•000378
.000294
.000367
-•OO0O41
.000911
•004755
lue© of J"~§u 
Table 40.
a !?
Cblouleted from Table 36 are , ,ivou below in
Table 40
3x341 iSlX. various value a of x- n^d a - ,-uu.oort* noeitien
i A i M J
iotal Load ** 78 lb* (30 cms* head of water/
X  
- .
f ~  T j
.
-------- r - ...
•
.... ■"'?--------
*
0.5 
1.5 
• 5
3*5
4*5
5*5
-•000055 
— *000075 
-.000104 
-.000175
.000055
.000096
-.000075 
-•000373 
- *0006 1 
-.000367 
-*000312 
-.000360
-*000104 
-•000561 
-.000667 
-.000054
-.001044
-.001647
-.000176
-.000367
-.000664
-.001904
-.001963
-.001648
.000006
-.000313
-.001044
-.001963
—.002386
-.0024*9
.000096 
-.000380 
-.001047 
-.001646 
-.006469 
.OOi 370
? az  3 z z. ",bul tea v in 5^ * r tiu nonce aoc?- . 3 oc3 cj . re
thus obtained a t in te rv a ls  o f  1 inch over the whole d e fle c te d  
surface o f the plate*  Values o f rctsxlaura p r in c ip a l etreee 
oiileu lated from  theee are g iven  below in  Table  41*
(6 8 /
T e b l .  41
Total Load «  78 lb, (30 oao. hood of a&tor)
90 T
v. . ...
T —  
•
T—
.
----f ----
bB.SZKS
0.5
1.5 
2.3
3.6
4.6 
5.5
2418
2228
2921
3392
3387
3191
2228
2448
4836
3189
3687
576*
2921
4836
2793
2788
467461 SB
3392
3169
2786
3690
4317
5591
3387
3497
4674
4317
6339
6803
3191
6766
6132
6691turnwwwwr
7100
\
(6 9 )
Casa ol Four Support* Equidistant tram the Centre (S a w  Ilatei
s«„js ittiM B n »ll, j u  i a l "
I reseeding as before, the following values of deflection
f ives ia tabla 4£ w e r e  obtalaod. Graphs of Deflection plotted 
roa this table are given ia Figure 29, lso-defleotion curves 
being givea in Figure 30* \
VmVLm 4 S .
Tslwaa of Defloatlon & for various vslaes af ^  »ed U -  Supports 
Total Load «  78 lb* (30 cms. hsad ejf water)
2C
.. IK S
------ y — ,, — 7 ' .....
»2.SXK b
:— r ~
•3 .0 X 8 8 • 4 .3 I3 S
— r —
• 5 .B ia s
0 #5 .0 0 1 9 .0 0 1 7 .0 0 1 4 .0 0 1 2 0 .0 0 1 5 .O O ltg
1 .5 .0 0 1 7 •0 0 1 5 •O O U.0 •0 0 1 0 .0 0 1 0 .0 0 1 3
&«5 .0 0 1 4 ,o o n 6 .0 0 0 8 .0 0 0 5 .0 0 0 0 .0 0 0 8 g
3 .6 •0 0 1 2 e *0 0 1 0 •0 0 0 5 0 — .0 0 0 0 0 .0 0 0 4
4 .5 .0 0 1 5 •0 0 1 0 .0 0 0 5 - .0 0 0 0 0 .0 0 0 2 g .0 0 0 9 0
5 .5 .0 0 1 9 e •0 0 1 3 *0 0 0 8 5 .0 0 0 4 .0 0 0 9 0 •0 0 1 8
Table 43.
, S  ,,"lSar.„lTirl8U8 FalWlM a t * ;  M l ^ «•; tetaa
Total load 78 Itu (30 ome* hood of wot or >
DC
t«o = 0 . 0 ^ .. ; .....
0.5
1 .6
2*5
3*0
4.6
8*5
-.000093 
-.000149 
-.000147 
-*000128 
-.000321 
-.000418
-.000244
-.000314
-.000313
-.000379
-.000878
-.000639
-.000303
-.000289
-.000361
-.000573
-.000892
-.000368
-.000088 
-.000098 
-.000229 
-.000444
-.000159
•000047
•
.000389
.000156
•000076
.000341
.000580
.000644
•000493
.000408
.000400
.000860
•O0O&&1
•000871
values of §Y were thea calculated mat are givea ia fable 4 4 .
*  (T O ,


I L U lS t i
3 S E « i
a !?
.of. f o r
4. V. k'iX- 4 4  
T t i r lo n a  v o l i i a a  o f  x Hi* 2 z 'it-’uortB , oBitloii
Z s M li
ot?;l load «  78 l b .  (30 csa. o f w&ter)
ocX A ?7v? ^  I  ^ T jE  .0)1 >'
j! 
11
j 
HI
m<qJ Y8*4.52 T
0.5
1.5
2.5
3.5
4.5
5.5
-.000187
— .OOOf' 67 
-.000154
— .000*. 53 
-.000406 
—.000647
- .0 0 0 1 0 0
-.000048
-.000108
-•OGO&64
-.000131
.000093
.000174
.000120
.000037
-.000031
.000187
.000363
.000417
.000306
•000213
.000516
.000690
♦000553
•oooaio
•000*57
•000416
.000697
.000536
.000460
.000076
.000278
•000326
.000264
.000069
.000066
u e e  o f  o u l a u l u t e a  £ r o »  Table  43  a r e  g ive s  below in  
Table  45*
4p
M llii  t f j S l  l or y-irioun vain
■ " jJ t r j .
L-»l.w ..r . .■i MtoBfc-i i l lii A i rtwto. to. f iwl Jkl iWfl
t o t a l  Load «* 7b l b .  (3 o e m * . bead  oX w ater^
OOTMC!e •
"I"'"""
•
T 'f“ T....
* . %: 0 • >
0.3
1.5
2.5
3.5
4.5
5.5
-.000014 
>.000038 
.000045 
-.000097 
-.000157 
- .Goo000
-.000056 
-.000024 
-.000008 
-.000154 
-.0 0 0 2 2 1  
-.000204
.000045
-.0 0 0 0 0 0
-.000193
-.000152
.000113
.000059
-.000097
-.000154
-.000152
.000039
.000295
.000140
-.000157
-.0 0 0 2 2 1
.000113
.000295
.000151
.000005
-.000030
-.000204
.000059
.000140
.000006
.000154
Values of m iiflm prisoipel etroeeea o s s lo u la t c d  from ^  
mad 2!z ore gives in Table 40. 3ql ®*v
3x^y
(71
T i- ia le■ 1% dfar ® . ■% '%'■ •' :
Values o l i r f p a ic c l  S tress io r  v a rio u s  va lues o i .X  ..nd.
a m .a a rts ... o a i t  io n  (■fr.-vaT^
Totd LOiid » 7 8  lb. ( 3  cnw. head of water>
OC — ?—
a0.ai:5i>_
---- r -
»i.8U:iu.
----f----
■
— r  
■
" T - 
-
---
«e5 .51
0.5 611 636 413 -704 742 833
1.5 636 16? -178 -614 —578 -594
2 . 5 413 -178 -369 -511 -1003 -974
3.5 -704 -614 -611 -136? -340? —1352
4.5 742 -578 -1003 -3407 -1598 -908
5.5 833 -594 - 9 7 4 -1352 -968 -30£
(72/
! « ,■ .  - J
Ttiuus of the 4e£XeOtiefiu when the four ©export© arc at 
(£“£%£ i'*1* tsr© |ivd below in Tebfte 47# Graph® of deflection 
plotted Arum thie table or© given in Figure 31 and curve© of 
i©o»dd'iwtirm ia J ii-:ur» & • A
T .aL la ..4 7
,jadJy*4«frX.Vtl iiKifiViiUlAiMi^ ikLyAlhi»jfeIi Wig .«l»«iiiifeniik li i l l l£LV .a
i in-- n - ■ * -i-:. ■ -■ •■ c- tt.,ri-4Ui Values............. .Si—- . lei
i ^ i U a n i - : . . . - .
■Bfa+« Vg&LPiV 
■Art&wtei.
Tothi 4,o •j,G 7% J.v • ^3 • vi d  Water /
f G
f a b l e  4a#
3t{
.
«w p®y • ir 
1 .6
£ .5
3 .3
4*5
6 .5
i J* X e
•III IWISM—On-fl**.'-'.wI
J* ft *. >,
K-**'***'*'■■* .<--••.• ■• *~*%s C:
— *00<—•„ * t
«»*0d8G
-•0014&
-.0 0 0 4 r
♦0009
♦0O£7
•♦OO*.' 0 
-.0016  ■ 
-.0009  
.0003
♦oca%
•OUvWft
*.0in»14c\
-.0009
0
.OulL  
• iAX.> 4?/ 
♦0066$
— .uGb 4 . 
•0003 
• 0016 
*0003 
.0053 
♦0075
.0009
•0C1?,-
.0034^
.00 5s;
.0074
.0096
♦Cite 7
#vU) y .
•oOou^
•OuTiT
•0096
.0119
j.i ■ ^  . i  v » •*• ■
9 z
.u v ix . 4&.
r f  f a r  . V ja r la u © . vaAU€yi...©l .MMi
T e t to l l e d 1  i< .  (  » )  © U ijB H Krtp & e t e r  #
FTi
i n
oc a i w  '■’•1 * V Y
0.5y n *•«?
te .te
4 .6
5 * 5
.0001. 3 
.000195
♦ UQGteCl • v 
•000411 $  
•000694
•000733
,000004
.000501
.00071?.,
.000964^
•QO1340
•00140?
•  (X/wV'71 t 
.  0947 ':
•  *aUil i  
♦001517. ■ 
<48084674 
•001761
•001173 
•001414 
.001777 
.001too 
.0C20C1 
' .002094
.001694 
.001055 
.000038 
.00* 105 
.000104 
.000190
.001069
.00010?
.002142
.002235
.002306
.002390
Table 48 value© o f  ?*? were then © aleulatea «a& e re  g ive a
I  v s  ; • «  <


l ! ?
f f a r  w rlnue value, af X and H - Su.. i ts oaltlen
T e te l L c rii •  78 l b .  (3 0  © to * head o f  u u ts r }
oc
«Ju&
¥ — ? ;■ ;... " H T “ Y *
0 .5
1 .5  
£ .5
3 .5
4 .5
5 .5
.0 0 0 0 8 8
•0 0 0 3 0 4
.0 0 0 4 0 1
.OOQ4E8
•0vU 371
•0 0 0 2 8 7
.0 0 0 7 1 8
.0 0 0 3 0 0  
.a X 5446 
.0 0 0 4 8 1
.0 0 0 2 0 8
•0 0 0 6 3 0
.0 0 0 3 9 3
.0 0 0 6 7 5
.0 0 0 4 6 2
.0 0 0 1 3 9
.0 0 0 1 6 6
•0 0 0 7 3 0
.0 0 0 5 2 3
.0 0 0 5 1 9
•0 0 0 2 8 8
.0O01OS
.0 0 0 1 3 5
.0 0 1 0 5 ?  
.0 0 0 4 9 7  
•00031.9  
.0 0 0 2 1 6  
.0 0 0 1 2 0  
. OOOfov7
.0 0 1 2 4 5  
.0 0 0 4 2 9  
.0 0 0 2 5 2  
.  uOo2liO 
•0 0 0 1 4 4  
.0 0  a 230
Frem  T a b le  4 8 * v a lu e ©  o f  w ere © a lo u la te d  on*  e re  g iv e n
k &!:>*• in  i ' b l c  i'K. • dOcDLj
9 2z
1 Vii-—  iOi!...Ifcri&tti values af ^   ^ ^Qaltlon
(life. m£A: J
l o t  ell Load «  7b l b .  (3 0  com • head of we t e r )
oc
lilS
V
aSiafiiUV. ■
. ? .... ¥ ...1------ T
. i
T ----
.510a
0*5
1.3
2.5
3.3
4.3
3.5
.000099 
.000103 
•OC0140k 
.000165 
.000166
,000096 
.000173 
.000X106 & 
.000345* 
•000861w 
» OOC IS 6
.000103
.o o o io e 5
.060306
.000106
.600119
.000166
• 000140*3 
•000345{3 
•06*0/ .66 
.000090 
.000*031 
.900076
.000185 
• 000281 
.000119 
. (/OOOJf 
.000038 
•OX/07U
.000156 
.000106 
.000166 
.000076 
.000075 
.000087
V >. •! u e e < > f  - . ■-. >; i -  urn ^ .r l ic i-.t  .1 u t  r  e , * > ,. t .* ■ e t  J i a a a 1 c \ ■ x a t  ©4 £ r  ©a the 
■ • + J^Zr Gxz and © re g iv e n  below  in  T a b le  S I*
3tjz
(74)
tk ,  i~ J % * k  11.i * *  * > »  i  i P X ^ I  i f t 3 c W
Y+t«3L Le&A « ?6 lb * (JO 6M» i) (iSMflt** OX w a te r/
X
rrV>EL -" V- jft ai..> >L;
41 . I T "
r
fiV .w
1 - f':• v»
e ,*!>
3 .6
4.6ts _ ft• V
--..69 
—1.074 
-1367 
-£ ? 7 t 
-  74
Afi ** wvmv
-1074
-1171
11377
-1783
-1 's56 
- ix l: .
-1307 
- 1 7 ?  
-19 IE 
— 107iv
-8Q#
—633
*4# r V
—1783 
—1870
-  04 
-603
aw- j
-:• 374
—i486
-60®
-003
-341
—014
—Ix lS
—vXj'i#
—084$
—014
-735
(7 6 ,
Cana o f Four Supports E ottid lstaa t from  the C entra  (S uuar.
(ii) ff&Bglttglgag
1 . DaCIectiopa
Having found the deflected form of the plate for each of 
the three positions of supports (i.e. at co-ordinates (&£%££”>• 
(3 £ % 3 ilf) and (4&%4&,f) , the deflections were analysed to find the 
position of the supports for maximum deflection. From this 
analysis it was seen that the maximum value of deflection 
occurred at one of the three positions viz. at the centre, corners 
or mid-sides of the plate. For supports at . the maximum
deflection occurred at the corners, for supports at (3in,3iw) at thi 
mid points of the sides and for supports at at the oentre
of the plate. It was observed that when the four supports become 
co-incident, the oase of a single oentral support was obtained. 
Values of defleotion for the three positions on the plate are 
given below in Table 52.
IaM r.1  ...figfr
v^i&ugiL^ gaflvg-Uftfl mUE SHSPflrt.lgflitAgag
£ ° r  q  pp  x o u r  uufajEjarts.,
T o ta l Load «  78 lb .  (3Coms head o f w ater)
S8EMKI
CO-ORDINATES
X ,
sm w .....
DEE LECTION 
INS.........
CORNER
DEFLECTION
INS,
MID-SIDE 
DEFLECTION 
......■...........
(0,0)
$ 3 1
0 0 
-0.0024 
0.0020
0.0262*
0.0394*
0.0119*
0.0018
-0.01425
0 .0276
0.0024
O.QlZt * 
0.0168
* maximum deflection.
Centre, corner and mid-side deflections are plotted against 
support square side in Fig.33. From this figure it was seen 
plate side
that all three curves intersected in a common point for which 
centre, corner and mid-side deflections were equal. It was 
seen from Fig.33 that, to obtain a minimum value of defleotion, 
the supports should be so arranged as to make equal the centre, 
corner and mid-side deflections and that this condition was 
reached when the side of the support square was about % of the 
plate side.
( 76 )
Zo o -
 i__
10 *0 -
f l nd . ' B
*  •
j.
of
*/
y9\*
r  ....
X f  . t e r
6 4 5  i b t  p e r  d i i  i f t o h  ® 0 »0 4>lliZ iii>
a
TGif Itf I t  (3 *.*? 1? £4^ I  IdlC ©6*fc i/I'jO — 9k - Cl +j> © L|jk  ^y O ' ; Xal&lvm.
1 ? v i t e l  y tixe a*:u'?v^  1^ ©^?-,, 1 1 a d  f  e  © t  i j  11 a i  a  c i r c u l a r  / / la ta  
M l a t t e r  1©  l e a d e d  v 1 t i i  t h e  LTcevjvrc a n d  * a  a  t h e  eu r*#
v a lu e s  o f  maximm p r in c ip a l  s t r e e t  f o r  the su pport  
p o s it io n s  c o n s id e red  t r e  g iv e n  below  in  T a b le  53#
ijJQ&M ' Jj
- r i n c i o s l  ..tresu  v l t h  
iMtjaortii i o a i  t i o t i  f o r  t v r i , i i L o r a a l j f  L a u d e d  . R ^ i t u c e  i - l a t c  o n l a a r
To t e l  Load «  78 l b  (30 erne* head o f  w a te r )
>:»b ; i OUT s&slsHJs Valuk  ojf
C* 1—j  HDI ii* ■ *s.iu-»5 Kii.viOii 4 jr&lRC I k 4L SVU.»&3
{0 ,0 i -0*700
(% »*% / —2*648
—3* 407
(4 ^ ,4 | / —7*100
a  jjraph o f  maxiiaum v a lu e s  o f maxiiOia p r in c ip a l  s t r e s s  f o r  
v a r io u s  p o s it io n s  o f  the su pp o rts  i s  g iv e n  in  F ig *  34 .
I ram t h is  i t  was seen  th a t  minimum s t r e s s  mum o b ta in ed  when 
the  a id e  o f  the su pp o rt square  was about 0*45 o f  the s id e  o f  
the p la t e *  The cu rv a tu re  was sm a ll n ear the minimum p o in t *  
however* so th a t  i f  the p o s it io n  oi the  su pp o rts  was choten  
f o r  m in im a  d e f le c t io n  ( i * e *  f o r  a id e  o f  su ppo rt s u a r e j ^  5 /
slue oi plats 8
the p la t e  w ou ld  not be much g re ate r s t re s s e d *
(7 8 )
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V I I I .  GiffiERAL SUMMARY OF CONCLUSIONS.
( a ) C irc u la r  P la te
From experim ents on a u n ifo rm ly  loaded c irc u la r  p la te  
w ith  a s in g le  c e n tra l su p p o rt, i t  was concluded th a t the 
G rashof method o f a n a ly s is  overestim ates the maximum d e fle c tio n  
by about 14$. The curves o f th e o re tic a l (G ra sh o f) and actua l 
c irc u m fe re n tia l and ra d ia l stre sse s in  th is  case were s im ila r , 
the th e o re tic a l stre sse s  b e in g , in  g e n e ra l, la rg e r  than the  
corresponding a ctu a l ones. An attem pt was made to  a p p ly 
P re s c o tt’ s method o f tak in g  in to  account the s tre tc h in g  o r  
c o n tra ctin g  o f the m iddle surface o f a bent p la te  to  the case 
o f a u n ifo rm ly  loaded c irc u la r  p la te  w ith  a s in g le  c e n tra l 
su p p o rt. From th is  i t  was concluded th a t the method was not 
s u ita b le  fo r  th is  p a r t ic u la r  case, as i t  was not p o ss ib le  to  
f in d  the sim ple equation  to  connect a c c u ra te ly  the d e fle c tio n  
and ra d iu s  a t any p o in t on the p la te  which is  re q u ire d  f o r  in  
the s o lu t io n .
F o r a u n ifo rm ly  loaded c irc u la r  p la te  on fo u r  
e q u id is ta n t ly  spaced su p p o rts , i t  was found th a t minimum 
d e fle c tio n  was obtained when the supports were so placed as to 
make equal the centre  and edge d e fle c tio n s  on diam eters a t 0° and 
43° to  the support d ia m eters. T h is  c o n d itio n  was reached when 
the support diam eter was about 0 .7  of the support d iam eter.
F or support diam eters o f 0 .7  -  1 .0  o f the p la te  d iam eter, the 
maximum d e fle c tio n  occurred a t the p la te  centre  and was found to  
be a c c u ra te ly  g ive n  by the equation
D e fle c tio n  Z ( ^ y - 5 * 4 ■ §& . + B 2^ 5g e '^ )
8 TH> vht+J H- fruH 8 R
w ith  the usual nom enclature.
The maximum p r in c ip a l s tre s s  in  the p la te  was found to  be a 
minimum when the support diam eter was about 0.72 o f tbe p la te  
diam eter, so th a t i t  appeared th a t the c o n d itio n s  f o r  minimum 
s tre s s  and minimum d e fle c tio n  were p r a c t ic a lly  the same. I t  was 
observed th a t i t  was o n ly  necessary to  in crease  o r decrease tbe 
fra c t io n  support diam eter s l ig h t ly  from  any g ive n  va lu e  to  
p la te  diam eter 
g re a t ly  a lt e r  tbe stre sse s and d e fle c tio n s .
(b ) Square P la te .
From the experim ents on a u n ifo rm ly  loaded square p la te  
on a s in g le  c e n tra l su p p o rt, i t  was concluded th a t the maximum 
d e fle c tio n  could be found approxim ately by tre a tin g  the p la te  aa 
a c irc u la r  p la te  loaded w ith the same pressure  and having  tbe 
same diam eter as the d iagona l o f tbe square p la te .
F o r the case o f a u n ifo rm ly  loaded square p la te  on fo u r  
e q u id is ta n t ly  spaced su p p o rts , minimum d e fle c tio n  was found to
(79)
be obtained when the centre* co rn e r and m id -s id e  d e fle c tio n s  
were the same, t h is  oceuring wben the s ide  o f the support square 
was about o*b3 o f the p la te  s id e . Minimum va lu e  o f maxirium
p r in c ip a l s tre s s  was obtained wben the support square was about 
0*4*5 o f the plat©  sid e  but* as the s tre ss  d id  not increase  much 
as th is  f ra c t io n  was in cre a se d , to  0.63* i t  was considered th a t 
the la t t e r  was the best va lu e  o f the support square s ide  to  use 
in  de sig n .
(60)
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e f  t e  p t a t e
( o )  T te  d o fte t t& U m  g t e u m d  th e  I n t m a  p ra e n a *e  o a t e n r  ft 
«sara*&io& ste lla r te t e  *a&&e&*?tt o cft&mvteo in  ft bant te e n  
/a attempt t w  ttesnfcro t e e  to mm hm  fbar tte  dlaeror enqp 
batman t e  <wqxjrtetffcfO. r a t e t o  end n»»*tetf*a Dtaasy sue etas tn the 
o te m m  .^ar a  iteUR^iaQ/ l o » k 4  and aftsf'to  
A* H  15. I n e  ("l& ttew ftfclftftl " t e e e y  e f  B i e f t i i c A ^ #  M fc  ed S tion *  
pmlM) tee  otem  tte t  t te  rt i£rvn  defleofcifln otnwaated $br t e r t a r  
m i  eaifthsCUMstlo c w v ^ i w  ta
/ * * 1  a  h « W i *
♦  —
a j > \ w i  5  p f - 1
• • •  « •
flar a a & l^ r o m ^ : .  a aoanantftute load I 1 et the
out& re , f *  9ii3oahflvte ( " I t e o o y  o f  J t e t ;a  t e l  I t e l ia P ,*  teP ftw NR Ett  
B t*&  C n »9 Rixs* p *8y|  t e e  h m  t t e t  t t e  d a f ls e t t c a  oorraartud t e r  
te «a r ta &  t e l  t * * v i i r .  1 ft
■>
v
jDWt «
  (T e O r ! )  ♦  j£  lo g o  -
£ 0 » t )  * QiTfa  i ) i >
&71 (r» -1  ) *  &
u
vhfr# <s^&Ufcu*Uan can oafy be e n d  :&e deftei&teei 4  ^ e S te  ^ h h  
arc not" too noer to t te  a u « t  t e r  t e  d t g l t e t e  t e a r  tte  I t e #  
'H  e t e e t o  auMBastn t e  t e l l e n i q g  n o t e d :
< « v
(a ) Const M r the p la ts  as nonstitilna o f  two parts, the part 
uncsr the load and the part outside the load* 'fho defleotion at 
the rim o f the applied lead  I s  oaloaLatod by using expression XX*
(b )  The deflection  o f the portion o f tl*> p late under the 
load consists o f  too ports, the f i r s t  o f '/filch la  duo to banding and 
i s  given by
tdiere r 0 i s  the radius o f  the agpr.lied load*
(o ) Ttie second part i s  the defleotion due to lo ca l stress  
disturbance which say be i^x>rtaisfc sinoe r</h  $m snail* This 
can be qppraxiflntsd to by the use o f curves clue to S* VbiiiO'rsky-Ibri: :ger 
(  "Ingeniei ;>-Arcli±v*, VoUE* p.305, 1933), the d f le c t io n  being given
vdiere d i s  a constant varying with r<yAi* In  caxt ocso r ^ ^  i s
about 2 and, from Woinov/sky-Krlogor’ s w v q b , d »  1,1*
By si^riiqposing the two cases, ft solution to tlie prohlara o f
& uniformly loaded p late  on a  single  central augvert Is  obtained*
TRe have
XXX
by
1  &KJ)
P »  133.3 lb .
p *  0*66 lb* per sq* inch. 
r c * 0*2,7 in s. 
h «  0 * 1 2 3 5  in s.
H «  8*0 ins.
S  «  29.55 * 10^ lb .  per sq* inoh*
a
0*29 or m a 3 .45*E
D   a 5060 lb .  Ins*
a?—1
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Hos’ttns&ori X 6MMI ,
0 .0 0 0 3 5  O u t  ♦
«  O bO JU  b n *  
i XX glvm
0 , 0 0 * 0 5  ( 8 i * 5  -  a * 2 t e )  •  G w o n o tt ji -  o .cxx * * $ 7 8  
*  0 .0 8 5 5  
^-TOoe&oa XXX glvoo
0 .0 0 2 7 2  i m *
':'3%3&mit£Xtxi XV g ivm  ■
0 .0 0 0 0 3 0 2  iuM .
.  •  TriecSizm d a f le o t im  « XX ♦ XXX + XV — X »  CM3*H3 l m .
w a «  i s  th e  sccao x*a&iLt tm t f e t  given  by C&mhof *e  Theory todUto to m  
atom to^ctj fa r  our m » f ton o^ftate o f sto^rlng. wo%uif:
anil i^ tto lastio  curvHtura are MgU^pfela* Ito a m *  too toeeay m m tm » 
tomt tto  premase «oto vw tto n lly , ntestma. In  . S.4JH* proct loo i t  \#OX 
« c *  . «x v .> o l|  t o  t o *  M :  p in t o ,  x to  b o E te ss t -X  oo^potisnt o f  ‘too  
p rm m ro  wlXX to m  a m  o ftre to h te '; O f to o  p te te  i.shHOi *fX3X s v t o  to o  
tofloottopa. rM o  pteMdfcr moowrto Xbr m  JtlM to lM y  bofiwom 
uxxxrj tmi rmna*worwiaU
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ngjiaaifcc.
X. Irrtoxfco tian  S5
XX* Otfcjoci a t  ate 9 9
'■ • ’ •■• r?. ..- & i •- - 3 9 - 9 7
Jv s a te  o b a l o*fe 97  -  *05
V* Ckiue£Lus&c*iB 105 -1 0 3 .
VX. S u m y  K 9
VTX. SJKKUcr ^ I s r  110
( » • )
I .  X, t ^ u r d o n
Ifcwtag ooa|uvtxs Ujb tmov-acdk oa o ftm & Y f«*J • ju -w  p in ts . 
m iJooturl to  w iU V sw  psrm am oo $saB t t# l csrtoti. a t  i b r  ;to Y u s  ^teaO
jftocxa th a  o a o ^ i  I t  m o  dooOtoft to  OORflp c u t okl- *s? i c n t e l  in rost'-/? ' t& :i*  
o f  < su *h o r in o - t e w t  p l  t e  iwf&a-  < te  u f t fb w f iy  len fio fl m etnngM Uar 
id fita  w ith  tto oO  ofli^jc OfeMm ft and h ip  f t m *  Stt\n r'^ti^YUri to  one f»?  
th e  s p o t  u l / f i o u l t  t e  tm esttnM fc* m t h *  ntfteattpT m  <Jw fd e t o  l »  no#  
tpmpprAM l <*Jxmt two ca n  fl* t??4ea.
D» Tome1 has g lw  .  aulut^oa fev the « * * « •  isla*s 4 tb
th ro e  oc!p>3a o&aegpoa ( t f  < * »  • % *  ’> « ©  ® h »  e tg e e to 'S  t o  ty *iro e tn tS e
r lt>  m d  A » i M t e  f t w  a o th  p l n * «  « i *  M a c  
1 tuft ?/5» y «*M r*o  « * «  » i  fe r *r »a  en lo u lH fta rM  Mfl n ot oonpsaw  
v « 9  MflOL. a b  M p a r tM B fc a l weak «  th e  xttriblao hue b o m  g i t i l l  ♦ * > ■
P#flt V jy. . 3L- A .- *.- -«_* ^ -*■ ft- -I, n Ml 'At, .•ni|-fi *' | i *2-— «. tm.» jm.tk!lM»> wikflS'Mk- 2L* A0»ii©  otajaci o r tim ^^aorsiwsw m o w  Ofzvy (hjs 
M e  0 a o svs& ur « f  unlfostgy X o o ^ l n a tw ru ln r ysY&too of w l o o  
XanKthe, \rnm OUm  me th&ctnsMns ttose cfUr^ afi at titeno <*.<***» «nff ftw » 
♦  tS » J t l— i B i ttzla Mgr I t  w i  he «d  te  ftnft UM la v  o f M t iM *  i f ' 
fXsSrm  ftPMaottat «&*t th&dteneos raft with Uw *ntl«> o f «te  -j?j1ub oP 
the tflstWe
One o f the d iffic u ltie s  in  orarwjrtnr out o k M rtM p .
on flihtetro& £&*toe in  te M M  that the tflos**» o f tfci e*M> stse&a * ao 
StMB the pinto la  leedoftL I f  the dpMM at Uw « ‘«aa do n o t vo n  'n  
.w > , the ( r t » ia  li/aaribuitttti In  owneli^awMy altared. H. C. Imm? 
«%ArhMUto on raetR ^taor jlM hm  derfott e t o il  four oS-ws <?*oo
snadms fttifleetUan «4dcto wwe &*>& i^ o a a S xm tS m e  to  the oseet thoony
o f  5 . !W 3 m #  «U X e  the mpmnam/ttO. wmtmm etewmue  « m  mm*
tm ^ B r thaa the t}wr>»tJ.ana -  Sn srtm  om on in  tlie rotdn of 8*1.
■strfM M e t e t  a ttftU tgr Am to iff,«sfj*ro <ila>4aR» Tft v5 w  o f 
th ia . I t  w m  tvja*x^tl to Uirftt the SNraet&gr.tiisa a  * t ! »  j.vDrtne « lt h  
tteoa a^9M dnr^ftia »n& o t» froe to %ne:.ufte aMOjr txaftms vJeflwsttMhte
Ttw %|iwre>M fo r  halcSxt « f »  pwti»i.¥ftarxr lOote 1» shorn In  ' 
I t  Is  o f ( » mSw> o n t  tre t  iiw itw w liitu , the tup '*wG- s 
• e f t f t B l t a B m m * j ^ l f t *  •■-. " /  ■■,■ .  it .■ ! ' • ' -  ■ :. _-<i
w w  o f ooaoRmpsSancxS a£l£ steal <tfH".aft vjftth holes te aaftndde *5tli 
tSia s t o  to.
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